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Abstract

Network K-function analytics is an important tool for different
application domains, including transportation science, criminol-
ogy, and urban planning. Despite this, this tool is computationally
demanding, which does not scale to support large datasets. Al-
though the state-of-the-art method, called neighbor sharing (NS),
can successfully reduce the time complexity for supporting net-
work K-function analytics, this method is still very slow. To ad-
dress the efficiency issue, we propose the sampling and thresh-
old sharing solution (STARS), which is the first work that can
simultaneously (1) reduce the time complexity, (2) retain the sim-
ilar space complexity, and (3) achieve the non-trivial absolute er-
ror (accuracy) guarantee. Experimental results with four large-
scale datasets (up to 8.19 million data points) show that STARS
achieves (1) 1.52x to 21.57x speedups, (2) negligible additional space
overhead, and (3) negligible practical accuracy degradation com-
pared with NS. The implementation of this paper can be found in
https://github.com/fastnsa/STARS/.
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1 Introduction

Spatial point pattern analysis [12, 44, 56] is a fundamental field for
analyzing location datasets. Among most of the tools in this field,
the network K-function [20] has recently received significant atten-
tion due to its wide range of applications, including transportation
science, criminology, and urban planning. Transportation scien-
tists [10, 16, 27, 38, 68] and criminologists [11, 26, 39-41] utilize
the network K-function to determine whether a location dataset
consists of meaningful traffic accident and crime hotspots/clusters.
Urban planners [15, 46, 57, 64, 65, 67] adopt the network K-function
to understand whether the points of interest (e.g., facilities in a city)
or urban events (e.g., fire events) exhibit the clustering tendency.
Due to the popularity of the network K-function, many software
packages have been developed for supporting this network analysis
tool. Some representative examples include SANET [7] (a plugin
for QGIS [54] and ArcGIS [1]), spNetwork [8] (an R package), and
NetPointLib [33] (a recently developed python package).

Figure 1 illustrates how the network K-function is used for an-
alyzing a location dataset. This tool aims to first count all data
points that are within the threshold 7 from each data point
and then normalize this value by the number of all pairs of
data points. Observe from Figure 1a that {p,, ps}, {p1,ps}, and
{p1, p2} are within 7 from p;, p,, and ps, respectively, and no data
point is within 7 from p4. Therefore, the network K-function for
the dataset in Figure 1a is & = 0.5. In contrast, the network K-
function for the dataset in Figure 1b is 0 since no data point is
within 7 for each data point.

To determine whether a location dataset P (with size n) has mean-
ingful clusters/hotspots with respect to each threshold 7, domain
experts need to generate a network K-function plot (see Figure 2)
by (1) specifying L — 1 random datasets, which are Ry, Ry,..., Rp-1,
with the same size n as P and D thresholds, which are 71, 73,..., 7p, (2)
obtaining the network K-function value for the original dataset P
with respect to each threshold (i.e., the black curve in Figure 2), and
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Table 1: Theoretical results of different methods, where n, L, D, |E|, Tsp, and Ssp denote the dataset size, the number of datasets,
the number of thresholds, the number of edges, the time complexity of the shortest path algorithm, and the space complexity

of the shortest path algorithm, respectively.

|

Method

|

Time complexity

|

Space complexity

‘ Accuracy guarantee ‘

NS (Section 2.2 [20])

O(|E|Tsp + LnDIE| + Lnlogn)

O(|E| + Ln + Ssp)

Exact

STARS (Section 3.2)

O(|E|Tsp + % log (1) + Ln|E| + Lnlogn)
(Theorem 3)

O(IE| + Ln + 2 + Sgp)
(Theorem 4)

e-absolute error
(Theorem 1)

(b) Dispersed

(a) Clustered
Figure 1: Illustration of the network K-function, where the
zone that is within the threshold 7 from the data point p; is
colored by yellow.

(3) obtaining the smallest and largest network K-function values for
those L —1 randomly generated datasets with respect to each thresh-
old (i.e., the blue dotted curve and red dotted curve, respectively,
in Figure 2). With this network K-function plot, domain experts
can claim that the location dataset P exhibits the cluster/hotspot
properties for small thresholds (see the yellow region in Figure 2)
and may not contain meaningful clusters/hotspots if the threshold
is set to be large (see the green region in Figure 2). With this addi-
tional information, domain experts can (1) avoid analyzing those
clusters/hotspots (detected by clustering/hotspot detection algo-
rithms) with large sizes [34, 45], e.g., larger than 73 in Figure 2, and
(2) set the proper threshold parameter for the analytic tools, e.g.,
set the bandwidth value of the network kernel density visualization
tool [18, 22, 44] (another point pattern analysis tool) to be smaller
than 73 (see Figure 2) for detecting hotspots.

value
A
>
g &
&
6\%
1 1 1 Ly threshold
71 eececece Tp

Figure 2: An example of the network K-function plot, where
the black curve represents the network K-function values
of the original dataset P with D thresholds, 7y, ,..., 7p, and
the blue dotted curve and the red dotted curve represent the
smallest and the largest network K-function values, respec-
tively, of L—1 randomly generated datasets with D thresholds.

However, generating a network K-function plot is computation-
ally expensive, which needs to evaluate L X D network K-functions.

Consider the New York 911-call location dataset [5] as an example,
which consists of 5.43 million data points. Using a naive approach to
compute a single network K-function already takes at least 29.48 tril-
lion operations,' let alone to compute multiple network K-functions
for generating a network K-function plot.

To tackle this efficiency issue, Chan et al. [20] have proposed
the state-of-the-art exact solution, called Neighbor Sharing (NS),
which successfully reduces the time complexity of generating a
network K-function plot to O(|E|Tsp + LnD|E| + Lnlog n), where
|E| and Tsp denote the number of edges of a road network and
the time complexity of the shortest path algorithm, respectively.
Despite this, the time complexity still depends on LnD|E|, which
can still be large in practice. Consider the San Francisco 311-call
location dataset [6] (with 6.05 million data points) as an example.
Generating the network K-function plot with L = 5 datasets and
D =100 thresholds takes more than 10 hours. The main reason
for incurring the high computational time (or having high time
complexity) is that the existing solution, NS, aims to retain the exact
network K-function plot. Therefore, we ask a question in this paper.
Can we develop a new approximate solution for generating a network
K-function plot, which can simultaneously achieve the non-trivial
accuracy guarantee, further reduce the time complexity, and retain
the similar space complexity? To provide a definite answer to this
question, we develop a new Sampling and Threshold shARing Solu-
tion (STARS), which is the first work that successfully reduces
the time complexity for generating the network K-function
plot with a non-trivial e-absolute error guarantee and a slight
overhead for the space complexity. Table 1 compares the theo-
retical results between NS and STARS. Experimental results with
four large-scale location datasets show that STARS achieves 1.52x to
21.57x speedups, negligible additional space overhead, and negligi-
ble accuracy degradation compared with NS. As a remark, we have
also integrated STARS into the python library, called fastnsa [3]
(until 22°4 May 2026, the cumulative number of downloads has
reached 1,280, based on the statistics in https://pepy.tech/), for
public use.

The rest of the paper is structured as follows. We discuss the
preliminaries in Section 2. Then, we illustrate our solution, STARS,
in Section 3. Next, we present the experimental results in Section 4.
After that, we provide the literature review in Section 5. Lastly, we
conclude this paper in Section 6. Appendix is in Section 7. Supple-
mentary material can be found in [69].

2 Preliminaries

We first define the network K-function and formulate the problem
of generating a network K-function plot in Section 2.1. Then, we

!For each location data point, this naive approach needs to access all data points on a
road network. Therefore, the total number of operations is at least 5.43 million X 5.43
million, excluding the operations of calculating shortest path distances.
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overview the state-of-the-art solution, called neighbor sharing (NS),
in Section 2.2. Lastly, we discuss the data sampling solution for
another statistical model, called kernel density estimation [73],
which is closely related to network K-function, in Section 2.3. Some
commonly used notations can be found in Section S1 of [69].

2.1 Problem Formulation
Here, we formally define the network K-function in Definition 1.

DEeFINITION 1. [12] Given a road network G = (V, E), a location
dataset P = {p1, p2, ..., pn} (With size n), where each data point resides
on one and only one edge in G, and a threshold , the network K-
function is expressed as follows.

1
Kp(r) = P Z Z I(da (pipj) < 1) (1)
Pi€P pjeP

Pj*pi
where dg(p;, p;) and 1 denote the shortest path distance between p;
and p; in G and the indicator function, respectively.

Based on Definition 1, we further formulate the problem of gen-
erating a network K-function plot (see Figure 2) in Problem 1.

PrOBLEM 1. Given a road network G = (V, E), a location dataset
P (with size n), L — 1 randomly generated datasets (with size n), i.e.,
Ry, Ry,..., Ri.—1, and D thresholds, 1y, 13,..., Tp, generating a network
K-function plot involves the computation of Kp(t,), L(1,), and U(z,)
for each threshold t,,, where1 < p < D.

L(rp) = min Kg,(7,) andU(z,) = max Kg,(7,) (2)

2.2 Neighbor Sharing (NS)

In order to efficiently generate a network K-function plot, Chan
et al. [20] recently propose a new method, called neighbor sharing
(NS). By considering P(e) to be the set of data points on the edge e,
they decompose the network K-function (see Equation 1) into the
following expression (see Equation 3).

K0 = s 3 ) G o) )

ecE e€E p;eP(e)
where CI(,’ZZ)) (7) is the (p;, P(e))-count function (see Equation 4).

Cr @ =Y Wdo(pipy) <7 @
pjEP(e)
Pj#pi

fau (pi)

f,bv (pi)
Figure 3: Illustration of the NS method.

To efficiently evaluate CF(,IZ:;)) (r) on an edge e = (u,0)
for a data point p; on € = (a,b) (see Figure 3), they pro-
pose to maintain four sets of data points, which are £, (p;)

(vellow), fao(pi) (black), £yu(p:i) (green), and £,(pi) (orange).
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With these four sets of data points, they can evaluate C}(,Izi))(r)
based on the following conditions, which are C1 and C2.

C1 (max (e (pi) | 1pu (Pi) ) + max(|bao(pi)l, €0 (pi)]) < |P(e)]):

cgz:j)(r) = max(|€a, (pi) |, 160 (pi)]) + max(| Lo (pi), 1660 (pi)])
C2 (max(|fau (pi) | 1€u (pi)]) + max(|fao (pi)1; 150 (pi)]) = [P(e)]):

) (1) = 1P(e))

Once NS processes the next data point on e = (a, b) (i.e., moving
from p; to p;+1), each dotted line on e = (u,v) only moves accord-
ing to one direction (see the red arrows in Figure 3). Based on
this concept, Chan et al. [20] show that these dotted lines only
scan all blue data points on e = (u,v) at most four times in to-
tal (for updating £, (pi), fav(Pi), fou(pi) and £y, (p;)) once NS pro-
cesses all red data points on € = (a, b). Therefore, they show that
computing ng:,»)) (7) for all red data points on € = (a,b) takes
O(|P(e)| + |P(e)|) time (instead of O(|P(€)||P(e)|) time), which
further achieves O(|E|Tsp + LnD|E| + Lnlog n) time? for generating
a network K-function plot.

2.3 A Sampling Solution for Kernel Density
Estimation with One-dimensional Data

In this section, we discuss the concept of another statistical model,

called kernel density estimation (KDE), with one-dimensional data,

which is closely related to network K-function, and the optimal

sampling solution for computing approximate KDE. Problem 2

formally defines KDE with the uniform kernel function.

PROBLEM 2. [50] Given a set of one-dimensional data points X =
{x1, %2, .., X|x|}, where x; < x; < ... < x|, a positive bandwidth
value o, an arbitrary position q, the KDE function for q should be
computed based on Equation 5.

1
KDEx(q) = = >, I(d(¢.x) < 0) 5)
|X| xeX
where d(q, x) and 1 denote the Euclidean distance and the indicator
function, respectively.

Given an absolute error §, Zheng et al. [73] have proposed the
sorted selection (SS) sampling approach for finding the subset S =
{51, 52, ..., 5|51} of X, where

SL=X[(-1)spx1] and IS] = [ﬂ “

Figure 4 illustrates how SS works. Observe that only those yellow
points are retained for computing KDEg(q) in this example (with
IX| = 1000000 and & = 0.001).

They further show that SS can produce a sampled dataset S with
O(|X|log |X]) time so that KDEs(q) can be used to approximate
KDEx (q) with a non-trivial accuracy guarantee (see Lemma 1).

LEMMA 1. [73] Given an absolute error §, a location dataset X,
the SS method produces a sampled dataset S with size |S| = O(%)

2Chan et al. [20] also propose the advanced shortest path sharing (ASPS) approach
to reduce the time complexity for generating a network K-function plot by sharing
the shortest path information with multiple location datasets on a road network. Due
to space limitations, we omit the details. However, NS in this paper has already been
combined with ASPS, which achieves the lowest worst-case time complexity.
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Xp e X500 *** X1499 X1501 ***  X1000000 .
= O O OO Qe = O e OO -2

X1 eee X499 X501 eee X1500 ¢ ¢ X999999

u sampling @
1\

M\

P X-axis

e S
ese 5] =Xgop eee S2 = X1500 eee
Figure 4: Illustration of using the sampling approach, called
sorted selection (SS), where the size |X| = 1000000 and the
approximation error § = 0.001 in this example.

in O(|X|log |X|) time so that the following guarantee holds for an
arbitrary position q.

|KDEx (q) - KDEs(q)| < 6 ™

As a remark, Phillips [50] has pointed out that the size of the
sampled dataset |S| = Q(3) no matter which sampling algorithm
is adopted. Therefore, SS has already achieved the smallest (i.e.,
optimal) sample size with § absolute error guarantee for KDEx (q).

3  Our Solution

We first illustrate the connection between network K-function and
KDE in Section 3.1. With this concept, we propose a Sampling and
Threshold shARing Solution, called STARS, which simultaneously
reduces the time complexity for generating a network K-function
plot (see Problem 1), achieves the similar space complexity, and
retains an absolute error approximation guarantee, in Section 3.2.

3.1 Connection between Network K-function
and KDE

Observe that the KDE function (see Equation 5) and the (p;, P(e))-
count function Cl(f(’;))
(see Equation 3) are similar to each other. Therefore, we ask a

question. Can we represent Cj(f(’i)) (t) by the KDE function?
To provide a positive answer to this question, we first project
the nodes u and v and all blue data points on e = (u,0) into the

x-axis (see Figure 5). Here, we regard the node u as the origin, i.e.,

(7) (see Equation 4) of the network K-function

xy =0 and xp; = dg(u, pj) and x, = dg (u, ) (8)

Note that p; is on another edge € = (g, b), which has two routes,
i.e,, from p; to u and from p; to v, to reach the edge e. Therefore,
we can project p; into two positions, which are

Xup; = —dg(pi,u) and xup, = dg (pi,v) + dg(u,v) 9)
With this projection, we can then have the following conclusion
for computing CI(,IZ;)) (7) (see Lemma 2 and Section 7.1 for its proof).

LEMMA 2. Given a data point p; on the edgee = (a, b), the shortest
path distances from p; to the nodes u and v on the edge e = (u,v),
i.e,dg(pi,u) and dg (p;, v), respectively, the (p;, P(e))-count function
C 1(,122)) () can be computed based on the following cases.

Case 1 (2t — dg(pi, u) — dg(pi,v) < dg(u,v)):

") (2) = IP(e)|(KDEp(e) (Xup;) + KDEp(e) (Xop,))

Case 2 (2t — dg(pi, u) — d(pi,v) = dg(u,v)):

) (1) = 1P(e)]

Hongwei Ye et al.

dg(pi,v)

Figure 5: By projecting each blue data point p; into the x-axis
(see the white dotted line), the nodes u and v into x,, and x,,
respectively, and the data point p; (on € = (a,b)) into two
positions, namely x, ,, and x,,,, computing C;f;i)) (r) can be
converted to evaluating KDE for x,, 5, and x,, .

3.2 STARS: A Sampling and Threshold Sharing

Solution
In this section, we propose the solution, called STARS, which is
based on these two components, namely (1) sampling and (2) thresh-
old sharing. Here, we first discuss these two components and then
illustrate how STARS can be used for generating the network K-
function plot (i.e., solving Problem 1).

Sampling. Recall from Section 3.1 that C I(JIE‘E)) (7) (see Equation 4) of
the network K-function Kp(7) (see Equation 3) can be connected to
the KDE function (see Equation 5). In addition, the SS data sampling
method can significantly reduce the dataset size for efficiently com-
puting the approximate KDE function with the non-trivial approxi-
mation guarantee (see Equation 7). Therefore, we ask a question.
Can we transfer SS for efficiently computing the network K-function
with the non-trivial accuracy guarantee? To provide an affirmative
answer to this question, we investigate how to accurately estimate

the approximate value of CI(,I(’;)) (r) based on SS.

Figure 6: Using the SS data sampling method (with the abso-
lute error parameter §) on each edge of the original dataset P
(blue data points) in order to construct the sampled dataset
Q (light pink data points).

Observe from Figure 6 that we first adopt SS with an absolute
error J (see Section 2.3) on each edge of the original dataset P (see
the blue data points) to construct the sampled dataset Q (see the

light pink data points). Since both C I(f(’;)) (r) and C&ig) (1) count the
data points on the edge e = (u,v) with the sets of P(e) and Q(e),
respectively (see Figure 6), our conjecture is that the ratio between

C}(f(”e)) (r) and C(Q[’(ig) (t) should be similar to ||g((2)) || . Hence, we aim to
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. i S
approximate C,ft) (7) by {G551CJ1.)

the original dataset P. In Lemma 3, we state that this approximation
can result in the absolute error with at most 25|P(e)|. The proof of
this lemma is in Section 7.2.

(7) for every data point p; in

LEMMA 3. Given a data point p; of the dataset P on an edge e =
(a, b), the sampled dataset Q (obtained from SS with an absolute error
8), and the edge e = (u,v), this error bound holds.

®i) ¢y _ IP(e) ~(pi)
C ) ~ [ )] < 201PCe) (10)
Since we adopt ||g((z))|| C&i;)(r) as the estimation of CI(,IZL))(T),

Ap(7) (see Equation 11) can act as the approximation of Kp(7)
(see Equation 3).

1
Apg(7) = an=1) ZZ Z

€€E e€E p;eP(e)

[P()| ~(pi)
10(e)] 0

In Theorem 1, we state that Ap(7) can achieve the e-absolute

() (1

error guarantee if we choose § = % in the SS data sampling
method. The proof of this theorem is in Section 7.3.

THEOREM 1. Given an absolute error € and a location dataset P,

we need to choose § = % for SS to construct Q so that

|Apo(r) —Kp(7)| <€ (12)
Furthermore, we also state in Theorem 2 that the size of Q is
O(@) (instead of O(n) in P) and the size of Q on each edge e, i.e.,

|Q(e)l, is O(é) if we adopt 6 = (";—,:)e for SS to construct Q. The
proof of this theorem is in Section 7.4.

THEOREM 2. Given an absolute error € and a location dataset P, the
. eYaL:l i
size of the sampled dataset Q is O(*7") and the size of Q on each edge

e, ie, |Q(e)|, is O(é) if we choose § = (";—;)6 for SS to construct Q.

Moreover, using SS (with § = %) to construct Q from P
in a road network G only takes O(|E| + nlogn + %) time (see
Lemma 4), which is a small time overhead. The proof of this lemma

is in Section 7.5.

LEMMA 4. Given a road network G = (V, E), an absolute error e, a
location dataset P in G, the time compl‘e)lcity of SS (with 6 = %)
)

€

for constructing Q is O(|E| + nlogn +
Threshold sharing. In order to generate an approximate network

K-function plot (like Figure 2) based on Ap () (or C(Qp("e)) (1)), we

propose the threshold sharing method, which can reduce the time

complexity of computing Cg("e)) () with D thresholds, 1y, 7,..., 7p.
This method is based on three observations, namely (1) evaluation
order reversal, (2) establishment of sorted threshold positions, and
(3) sweep line processing.

Evaluation order reversal. Recall from Equation 11 that we need to

compute Cg((i)) (7) (see Equation 13) for all (e, e)-pairs in order to
obtain Ap (7).
P(e) _ (pi)
Com@= D, i (13)
pi€P(e)
However, instead of evaluating c'po) (7) for each p; one = (a,b)

Qle)
(see those blue data points in Figure 7) for obtaining Cg((?)

reverse the evaluation order by considering each py on e = (u,v)

(1), we

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

(see those light pink data points in Figure 7) for computing C (pr) (7)

P(e)
in order to obtain (CS((;)) (1), where
Q(e) _ (pr)
CRe@= ), ChE@ (14)

PreQ(e)

Figure 7: Reverse the evaluation order from p; in P(e) to the
evaluation order from py in Q(e).

Here, we show that reversing the evaluation order does not
Q(e)
P(@)

(7). The proof of this lemma is in Section 7.6.

change the final result (see Lemma 5), i.e., C7 " (7) is the same as

cP®
Qle)
LEMMA 5. Consider two sets of data points, P and Q, and two edges,
= Qle) (\ _ ~P(@)
e and e. We have CP(E) (r) = CQ(e)(T).

Establishment of sorted threshold positions. To compute Cg((g (7)
(see Equation 14) with D thresholds, 71, 73,..., 7p, we count data

C(Pk)
P(e)
(px» 7,)-pair, where py is in Q(e) and 1 < p < D. Observe from

Figure 8 that each (px, 7,,)-pair corresponds to two end positions
one=(ab).

points in P(€) on e = (a, b) in order to evaluate (zp) for each

Figure 8: Two end positions (of the dotted arrows) of each
(px. 7,)-pair can be established on & = (q,b) if the shortest
path distances from pi to a and b have been computed.

By considering the dotted arrows on e = (g, b) from a, i.e., the
left dotted arrows in Figure 8, we aim to maintain the sorted order
of these end positions based on the distances with respect to a.
Observe from Figure 9 that the D end positions, which correspond
to D thresholds, must be initially sorted with respect to a for each
px of Q(e) (e.g., D red/blue/purple/green dotted arrows) since we
have 7; < 7, < ... < 7p. Therefore, by iteratively merging two
(consecutive) sorted lists into one sorted list in each level, we obtain
the sorted list of D|Q(e)| end positions in O(D|Q(e)|log|Q(e)l|)
time (see Lemma 6 and its proof in Section 7.7).

LEMMA 6. Consider each data point py in Q(e) and its D end
positions from the node a in the edge e = (a, b). Obtaining the sorted
order of these D|Q(e)| end positions with respect to the distance values
to a takes O(D|Q(e)|log |Q(e)|) time.
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Similarly, we can also obtain the sorted end positions for those
D|Q(e)| dotted arrows from b (see Figure 8) with the same time
complexity.

ble@I |

o o
a Level 1 a Level 2

0(log|Q(e)]) levels

Figure 9: Iteratively merging D|Q(e)| thresholds into the
sorted order based on the distances with respect to a.

o
a Level 0

Sweep line processing. After the end positions are sorted on e =

(a, b) based on the distances to a and the distances to b, we can
maintain two sweep lines, /; and I, which scan, from a to b and from
b to a, respectively, those blue data points and the end positions
(see Figure 10). Each sweep line maintains the count value of blue
data points during the scanning process. Once the sweep line I,
(or Ip) reaches the end position that corresponds to the (px,7,)-
pair, it stores the value I, (p, ) (or I (px, 7,)) for that pair. Using
Figure 10 as an example, l;(pk, 7,) = 5 and [ (pg, 7,) = 4.

|
.xxxlxxglxxx.

a

Figure 10: Using two sweep lines from a and b, which are [,
and [, respectively, to evaluate cf® (r) with D thresholds,

P(e)
T1, 725 .-.s TD-
With these two values, I;(px, 7,) and I (p, 7,,), we can compute
C}(,’Zg)) (7p) based on the following equation.
C(pk) (T ) _ la(pks Tp) +1p (Pks Tp) if la(Pks Tp) + lb(Pks Tp) < |P(a|
P@ P |P(e)| otherwise

(15)

Based on Equation 14, we can further conclude that this sweep
line processing approach can compute CS(%) (r) with D thresholds,
1, 725 -, D, in O(D|Q(e)| + |P(€)|) time if the end positions are
sorted (see Lemma 7 and its proof in Section 7.8).

LEMMA 7. If the end positions in the edge € = (a, b) are sorted, the

time complexity of computing (Cg((g (r) isO(D|Q(e)| + |P(e)]).
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STARS for generating the network K-function plot. With the
core ideas of sampling and threshold sharing, we illustrate how we
can efficiently generate an approximate network K-function plot.

Consider a location dataset P and D thresholds, 71, 13,..., 7p. We
first obtain the sampled dataset Q for P in a road network G (see
Figure 6), which takes O(|E| + nlogn + %) (see Lemma 4). Then,
we compute the approximate network K-function value Ap o (7)
with Equation 16 (based on Equations 11, 13, and 14 and Lemma 5).

_ 1 [P(e)| ~0(e)
A0 =555 2,2 gt o

(16)

By calling the shortest path distances from u and v on e = (u,v)
to other nodes, e.g., a and b on € = (a, b), which takes O(Tsp) time
for each edge (i.e., |E|Tsp in total), we can compute Cg((;))(r) by
first establishing the threshold positions (see Figures 8 and 9) and
then adopting the sweep line processing approach (see Figure 10)
in e, which takes O(D|Q(e)|log|Q(e)| + |P(e)|) time (based on
Lemmas 6 and 7). Hence, we conclude that computing Ap o(7) with

D thresholds takes O(|E|Tsp + %Elz log (1) + n|E| + nlogn) time
(see Lemma 8 and its proof in Section 7.9).
LEMMA 8. Given a road network G = (V,E), a location dataset

P with size n, the time complexity for computing Ap o () with D
thresholds, 11, 13,..., T, is O(|E|T5p + %E‘Z log (é) + n|E| + nlog n).

Since we need to handle L datasets in order to compute the
network K-function plot, the time complexity of generating this
2
plotis O(|E|Tsp+ % log (1) +Ln|E|+Lnlogn) (see Theorem 3).?
Due to its simplicity, we omit this proof.

THEOREM 3. The time complexity of generating an approximate
. . LD|E|* 1
network K-function plot is O(|E|Tsp + =-log (;) + Ln|E| +
Lnlogn).

Here, we further state in Theorem 4 that the space complexity
of STARS for generating an approximate network K-function plot
isO(|E| + Ln + % + Ssp), which is slightly larger than the existing
NS method (i.e., O(|E| + Ln + Ssp) in Table 1). The proof of this
theorem can be found in Section 7.10.

THEOREM 4. The space complexity of generating an approximate
network K-function plot is O(|E| + Ln + 2 + Sgp).

As a remark, the detailed pseudocode of STARS and further
discussion of NS and STARS can be found in Sections S2 and S3
of [69], respectively.

4 Experimental Evaluation

In this section, we first discuss the experimental settings in Sec-
tion 4.1. Then, we test the time efficiency of all methods in Sec-
tion 4.2. Next, we measure the practical accuracy of all methods
in Section 4.3. Lastly, we conduct a case study in Section 4.4. Ad-
ditional experiments, including additional time efficiency experi-
ments, space efficiency experiments, and additional accuracy ex-
periments, are provided in Sections S4 to S6 of [69].

3By adopting the advanced shortest path sharing approach in [20], we do not need to
multiply |E|Tsp by L.
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4.1 Experimental Settings

In our experiments, we compare our method, STARS, with the state-
of-the-art NS method (see Section 2.2) as well as the traditional
RQS and SPS methods (as mentioned in [20]). All of these methods
were implemented in C++, and experiments were conducted on
a machine equipped with a 12"-generation Intel Core i5 2.5 GHz
CPU and 32GB of RAM.

Datasets. Table 2 summarizes four large-scale location datasets
in different regions. To obtain each dataset, we utilize the OSMnx
python library [14] to first extract the corresponding road network
and then map those data points on it.

Table 2: Datasets.

’ Dataset ‘ V] ‘ |E| ‘ n ‘ Category
Maryland [4] |32,100| 46,221 | 1,830,715 | Traffic violations
New York [5] 71,268 1121,030] 5,430,525 911 calls

San Francisco [6] (47,983 | 74,856 |6,053,150 311 calls

Chicago [2] 23,670 | 41,226 |8,189,459| Crime events

Parameter settings. To generate a network K-function plot with
D thresholds, we utilize Equation 17 to obtain those thresholds, 71,
Tg,..s TD, in the range [0, r] meters, where
r

=5 (17)
By default, we choose L = 5 datasets (with four randomly generated
datasets and one original dataset), D = 20 thresholds in the range
of [0,2000] meters (i.e., r = 2000), and € = 0.1 for STARS in order
to conduct the experiments.
Measurement. We measure the response time (sec) to test the time
efficiency of all methods. Note that we omit the results that take
more than 86,400 sec (i.e., one day). In addition, we also use two
commonly used metrics, Absolute Error (AE) (see Equation 18) and
Relative Error (RE) (see Equation 19), for comparing the accuracy
between the approximation method, STARS, and the exact methods.

AE(7) = |Apo(7) — Kp(7)] (18)
RE(r) = |AP,Q(12(—T)KP(T)| (19)

4.2 Time Efficiency Experiments

Here, we conduct two experiments to test the time efficiency of all
methods. Other experiments for varying the number of datasets L
and the maximum range of 7 are provided in Section S4 of [69].
Varying the number of thresholds D. We test how the number of
thresholds D affects the response time of each method. To conduct
this experiment, we choose five D values, which are 20, 40, 60, 80,
and 100, for testing. Figure 11 shows the results of all methods. Due
to the lower time complexity of STARS, this method achieves 2.89x
to 13.7x speedups compared with the state-of-the-art NS method.
Furthermore, the larger the thresholds D, the larger the time gap
between NS and STARS. The main reason is that the time complexity
of STARS only depends on Ln|E| (see Theorem 3) but not LDn|E|
(like NS in Table 1), which implies that the response time of STARS
does not increase significantly with respect to D.

Varying the error parameter . We proceed to examine how the
error parameter € affects the response time of each method, by
choosing five € values (i.e., 0.05, 0.1, 0.15, 0.2, and 0.25). Figure 12
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shows the results of all methods. Since RQS, SPS, and NS are exact,
they are not sensitive to this parameter. In addition, the smaller
the € value, the larger the response time of STARS (based on Theo-
rem 3). Note that STARS can still achieve 1.52x to 21.57x speedups
compared with NS in these error parameters.

4.3 Practical Accuracy Experiments

In this section, we conduct the following experiments to compare
the subjective accuracy and the objective accuracy of our approxi-
mation method, STARS, with the exact methods (i.e., RQS, SPS, and
NS). Additional experiments can also be found in Section S6 of [69].
Subjective accuracy. Here, we compare the network K-function
plot of the exact and approximation methods with respect to dif-
ferent thresholds in the range of [0, 2000] (meters). Observe from
Figure 13 that the curves of the approximation method overlap
with the curves of the corresponding exact method. This verifies
that STARS does not degrade the result quality of generating a
network K-function plot because STARS can achieve non-trivial
error guarantee (see Theorem 1).

Objective accuracy. We proceed to investigate the objective accu-
racy of generating a network K-function plot with respect to each
dataset. Figure 14 shows the absolute error (see Equation 18) and the
relative error (see Equation 19) of using STARS for generating the
network K-function plot with respect to different threshold values
7 in the range [0, 2000] (meters) for each original dataset P. Since
STARS exhibits the non-trivial error guarantee (see Theorem 1),
this method only incurs a small absolute error and a small relative
error for each dataset, ranging from 3.874 x 10~ to 3.507 x 107°
and 1.118 X 107 t0 5.197 X 1073, respectively, no matter which 7 we
choose. These results further explain why the approximate network
K-function values that are computed by STARS in Figure 13 are
nearly the same as the ones of the exact method.

4.4 Case Study
We conduct a case study to (1) demonstrate how accurately the ap-
proximation method (STARS) can generate the network K-function
plot compared with any exact method (e.g., RQS, SPS, and NS)
and (2) simultaneously adopt the approximate network K-function
plot with the network kernel density visualization (NKDV) [8, 18],
which is another spatial point pattern analysis tool, to understand
the potential hotspots in Chicago crime events (see Table 2).
Figure 15 shows the network K-function plots (see Problem 1)
that are generated based on the exact and approximation methods
under the default settings (see Section 4.1). Observe that the ap-
proximation method, STARS, can generate nearly the same curves
as the ones based on any exact method, e.g., RQS, SPS, and NS, due
to its accuracy guarantee (see Theorem 1). With the approximate
network K-function plot, we conclude that Chicago crime events
tend to be clustered when the threshold ,, is set to be within 2000m.
Here, we further utilize NKDV to generate the hotspot map for
Chicago crime events. To adopt this tool, we first divide each edge
in this road network G into a set of small lixels q (or line segments)
and then color each lixel g based on the network kernel density
function Fp(q) (see Equation 20).

1 1- Z-de(q.p)?* ifds(q.p) < bo
%(q)=—2{ ’G

heP otherwise

where bg denotes the bandwidth parameter.
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Figure 13: Generating a network K-function plot with the original location dataset P

methods, varying the threshold 7.
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Since Chicago crime events tend to have meaningful clusters
within 2000m. we also set the bandwidth parameter b to be 200m
(within this range) for detecting hotspots (see Figure 16). Observe
that those hotspot regions (red regions) tend to have sizes that are
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Figure 16: Generating a hotspot map (based on NKDV) for
Chicago crime events, where we zoom in to the West Lake-
view region and adopt bg = 200m.
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5 Related Work

In this section, we discuss four camps of research studies that are
mostly related to this work.

Efficient algorithms for network K-function. Although net-
work K-function [12, 42-45] has been proposed for more than
two decades, those research studies that tackle the efficiency issues
of this tool are only proposed recently. Rakshit et al. [55] utilize
the shortest path sharing method (SPS) to reduce the number of
shortest path computations. Chan et al. [20] further develop the
fastest solution, called neighbor sharing (NS), which can achieve
the best performance for generating an exact network K-function
plot. Compared with these two methods, this is the first work that
develops the sampling and threshold sharing solution (STARS) in
order to further reduce the time complexity for supporting this
tool with a non-trivial accuracy guarantee (see Table 1). Therefore,
STARS can significantly improve the efficiency of generating the
network K-function plot without degrading its result (see Section 4,
and Sections S4 and S6 of [69]) compared with these two methods.
Efficient algorithms for network kernel density visualization.
Recently, Chan et al. [18, 22] also develop efficient algorithms for
another point pattern analysis tool, called network kernel density
visualization (NKDV), which aims to generate a visualization based
on the network kernel density function value for each lixel (i.e., lin-
ear pixel) on a road network. Note that the network kernel density
function is also based on the aggregation of kernel functions, which
is similar to the network K-function (see Equation 1). However,
there are several weakness of using these methods [18, 22] for han-
dling the network K-function. First, Chan et al. [20] have already
attempted to develop the count augmentation (CA) method, which
is based on the ADA method in [18], for improving the efficiency
of computing the network K-function. However, this CA method
is inferior compared with the NS method in terms of theoretical
complexity result and practical performance. Second, generating
the network K-function plot does not involve the concept of lixels
in NKDV. As such, LION [22], which is based on this concept for
efficiency improvement, cannot be extended for supporting the
network K-function.

Efficient algorithms for kernel density estimation. Recall from
Lemma 2 that computing C l(lee)) (7) (see Equation 4) is equivalent to
evaluating one-dimensional KDE functions. Therefore, fast algo-
rithms for computing the KDE function can improve the efficiency
of generating the network K-function plot, which can be catego-
rized into two classes, namely (1) function approximation and (2)
data sampling. Function approximation approach [17, 19, 21, 28, 30]
utilizes some simple functions to approximate the more compli-
cated KDE function with non-trivial accuracy guarantees. However,
this approach cannot reduce the time complexity for computing
this function. Data sampling approach [31, 32, 50-53, 62, 73, 74]
aims to obtain the sampled dataset for the original dataset in order
to improve the efficiency for computing the KDE function using
the (smaller) sampled dataset. Since this approach can theoretically
(i) reduce the dataset size and (ii) achieve the non-trivial accuracy

guarantee (see Lemma 1), we adopt this approach for computing

(pi)
Cp (e)
as this method can theoretically achieve the smallest sample size for

the KDE function with one-dimensional data. As a remark, this is

(7). In particular, we utilize the data sampling method in [73]
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the first work that observes the connection between the network K-
function and the KDE function. In addition, simply combining the
data sampling method with the state-of-the-art NS method cannot
reduce the time complexity of generating the network K-function
plot, while we need to further develop the threshold sharing ap-
proach in order to achieve this goal (see Section S3 of [69]).
Efficient shortest path algorithms. Observe from Equation 1
that calculating the network K-function involves computing the
shortest path distances. Therefore, fast shortest path algorithms can
possibly improve the efficiency of supporting this tool, which can
be divided into two categories, namely index-free algorithms and
index-based algorithms. Index-free algorithms, which do not build
any index on a road network, include the Dijkstra’s algorithm [24],
A* search [9, 25, 58], and bidirectional search [60, 61]. Index-based
algorithms aim to build some index structures on a road network,
e.g., contraction hierarchies [13, 29, 47-49, 59, 66, 75], hub label-
ing [23, 36, 37, 47, 48, 72], and shortest path caching [35, 63, 71].
However, most of these methods (e.g., A* search, bidirectional
search, hub labeling, and shortest path caching) only improve the
efficiency of solving the single-source-single-destination shortest
path problem, which cannot be used for computing the network
K-function (as it is based on range search). In addition, as shown in
Figure 11, the time gap between SPS and NS/STARS is much larger
than the time gap between RQS and SPS, which indicates that the
main bottleneck of generating the network K-function plot is to
process those data points on a road network (instead of processing
the shortest path distances). Therefore, we still adopt the Dijkstra’s
algorithm for finding the shortest path distances in this work.

6 Conclusion
In this paper, we study the network K-function analysis tool, which
has been widely adopted in many application domains, including
transportation science, criminology, and urban planning. However,
this analysis tool is computationally demanding, which does not
scale to large location datasets. Although the state-of-the-art NS
method can reduce the time complexity for supporting this tool,
this complexity result is still high, leading to high response time
for using this tool. To tackle this issue, this work proposes the first
approximate solution, called STARS, which (1) further lowers the
time complexity, (2) retains the similar space complexity, and (3)
achieves a non-trivial e-absolute error guarantee. Our experimental
results show that STARS can further achieve (1) 1.52x to 21.57x
speedups, (2) negligible additional space overhead, and (3) negligible
accuracy degradation compared with NS.

In the future, we will develop the QGIS/ArcGIS plugin for this
solution. In addition, we will extend STARS to handle other types
of network analysis tools, e.g., network clustering [44, 70].
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7 Appendix
7.1 Proof of Lemma 2

Proor. Observe from Figure 5 that there are only two cases for
the shortest paths (i.e., the green dashed line and the yellow dashed
line) from p; to the edge e = (u,v).
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Case 1 (2t — dg (pi, u) — dG(pi,v) < dg(u,0v)): In this case, two
shortest paths do not intersect with each other. Based on Equa-
tion 4,* we have

(pi) _
Cpey (1) =

> Wdo(piw) +dg(up)) < 1) +
pj€P(e)

> Wdo(pio) +do(v,p))

pj€P(e)

> Wdo(piw) +dg(up)) <7) +
pj€EP(e)

D Wdo(pi,v) +do(u,0) — dg (u,p;) < 7)
pj€P(e)

IA

7)

(pi)
CP(e)

C;f(’;))(r)z Z I(~Xup; +Xp; < T) + Z I(x0p, — Xp, < 7)
pj€P(e) pjeP(e)

= Z 1(d(Xup;s Xp,) < 7) + Z 1(d(xop; xp;) < 7)

pj€P(e) pjceP(e)

By substituting Equation 8 and Equation 9 into (), we have

By regarding P(e) as the set of one-dimensional data points, we
have (based on Equation 5)

CH) (1) = |P(e)|(KDEpe) (xup;) + KDEp(e) (Xup,))

Case 2 (2t — dg (pi, u) — dG(pi,v) = dg(u,v)): In this case, two
shortest paths must intersect with each other. Therefore, we have

) (o) = P(e)l. o

7.2 Proof of Lemma 3

Proor. Based on Lemma 2, we consider these two cases, which
are (1) 2t — dg (pi, u) — dg(pi,v) < dg(u,0) and (2) 2t — dg(pi, u) —
dc(pi,0) 2 dg(u,v).

Case 1 (2t — dg (pi, u) — dG(pi,v) < dg(u,0)): In this case, the
following equations hold.

Cif) (1) = IP(e)I(KDEp(e) (Xup;) + KDEp(e) (Xo,,))

Ca)\(7) = 1Q(e)(KDEg(e) (xup;) + KDEg(e) (x0p,))

Based on these two equations, we have

(pi) IP(e)l ~(pi)
|CP1()e)(T) - |Q(e)|CQp(e)(T)

|IP(e) | (KDEp(e) (up,) + KDEp(e) (xop)) =
P(o)

10(0)] /(1 (KDEg(e) (upy) + KDEg(e) (¥up.))

[P(e)|[(KDEp(e) (Xup;) = KDEg(e) (Xup;)) +
(KDEp(e) (x0p;) = KDEg(ey (xop;))|
[P(e)|(IKDEp(e) (Xup;) = KDEg(e) (Xup,)| +
|[KDEp(e) (xo,p;) = KDEg(e) (Xo,p;)|) < 26|P(e)]

IA

As a remark, the last inequality is based on Lemma 1 since Q(e) is
obtained by the SS method with the absolute error &.

Case 2 (21 — dg(pi, u) — dc(pi,v) = dg(u,v)): In this case, we
have

C (1) = IP(e)] and CY) (2) = 1Q(e)|

4Since p; is not on the edge e = (u, v), we omit the term pj # pi in Equation 4.
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Therefore, we can conclude that

PO 0 (| _ 1oy P
10(e)] “ete (D] = 1@ = 150

With these two cases, we can show that the error bound holds. O

(pi)
CP(E>(T) -

1Q(e)| =0

7.3 Proof of Theorem 1

Proor. Based on Equation 11 and Equation 3, we have
|Apo(7) — Kp(7)]

1 (P2) 1P ~(pe)
n(n—1) | 2.2, 2 (CP<e> () - 10(e)] “2te) (T))|

ecE e€E p;eP(e)

1 : [P(&)] (p:
ey — ZZ Z ‘C;’[Ze))(r) - |Q(Z)|Cg’(3)(r)‘

€cE e€E p;eP(e)

With Lemma 3, we further have

|Apo(7) — Kp(7)]
1 26n? 26n
= n(n—l)zz Z 25|P(e)|=n(n—l)=n—l

€cE e€E p;eP(e)

Hence, once we set § = %, we can conclude that [Apg(7) —

Kp(r)| < e O

7.4 Proof of Theorem 2

ProoOF. Based on Lemma 1, the size of the sampled dataset Q on
each edge e, |Q(e)], is:

1 2n 1
Q)] = 0(5) - O((n - l)e) - O(E)
Therefore, the size of the sampled dataset Q, i.e., 3. |Q(e)], is

Sioei=o(')

e€E

7.5 Proof of Lemma 4

Proor. Note that we need to access every edge e and adopt SS
for constructing Q(e) from P(e). Based on Lemma 1 (by setting
X =P(e)and = %) the time complexity is:

O(|E| + ; IP(e)| log |P(e)| + ; |Q(e)|) - O(IEI +nlogn + @)

O

7.6 Proof of Lemma 5
Proor. Based on Equation 14 and Equation 4, we have

Che@ = >, > dalprp) <7)

preQ(e) pieP(e)

D, D, Wdo(pipy) <7)

pi€P(e) preQ(e)
(pi) _ ~P®
2. o™ =C4e®
pi€P(e)

As a remark, the third equality and the fourth equality are based
on Equation 4 and Equation 13, respectively. O
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7.7 Proof of Lemma 6

ProoOF. Observe from Figure 9 that there are |Q(e)| sorted lists
and each list contains D end positions (thresholds) in level 0. In
addition, each level needs to merge every two sorted lists together
into one sorted list. Therefore, there are O(log |Q(e)|) levels in total.
Since each level needs to access D|Q(e)| end positions for merging
those sorted lists, the time complexity is O(D|Q(e)|log|Q(e)]). O

7.8 Proof of Lemma 7

Proor. Recall from Figure 10 that the sweep line I, (or I) only
needs to scan those data points on e = (g, b) (with O(|P(e)|) time)
and the end positions (with O(D|Q(e)|) time). In addition, this
sweep line also needs to store l,(pk,7,) and I(px,7,) for each
(pr» 7p)-pair (with O(D|Q(e)|) time). With all pairs of I;(px, 7,)

and I (pk, 7,), we can first compute Cl(f("e;))

and then evaluate C}(;)((S) (7) for all D thresholds using Equation 14
(with O(D|Q(e)|) time). Hence, we conclude that the total time
complexity is O(D|Q(e)| + |P(e)]). O

(75) using Equation 15

7.9 Proof of Lemma 8

Proor. Based on the discussion in the main content, the time
complexity of computing Ap o(7) with D thresholds is

o(1E1+ntogn+ 2 1 BTy + 3 S (DI0(@)] g I0(e)] + IP@)D)

€
e€E ecE

Since |Q(e)| = O( é) (see Theorem 2), we can further conclude that

the above expression is:

DIE]?
€

O(|E|T3p+ log(é) + n|E| +nlogn)

7.10 Proof of Theorem 4

ProoF. Since STARS needs to access all edges and data points in
L datasets and call the shortest path algorithm, the space complexity
is atleast O(|E|+Ln+Ssp). In addition, STARS needs to maintain the
sampled dataset for each dataset. However, these sampled datasets
must be smaller than the original ones (i.e., the total additional space
complexity must be smaller than O(Ln)). Furthermore, STARS also
maintains D|Q(e)| end positions for an edge e (see Figure 8), which
can be cleared for processing next edges. Therefore, the additional
space is O(D|Q(e)|) = O(%) (based on Theorem 2). Hence, we can
conclude that the space complexity is O(|E| + Ln + % +Ssp). O
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