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Abstract—Spatiotemporal kernel density visualization
(STKDV) is used extensively for many geospatial analysis
tasks, including traffic accident hotspot detection, crime hotspot
detection, and disease outbreak detection. However, STKDV is
a computationally expensive operation, which does not scale to
large-scale datasets, high resolutions, and a large number of
timestamps. Although a recent approach, the sliding-window-
based solution (SWS), reduces the time complexity of STKDV,
it (i) is unable to reduce the time complexity for supporting
STKDV-based exploratory analysis, (ii) is not theoretically
efficient, and (iii) does not provide optimization techniques for
bandwidth tuning. To eliminate these drawbacks, we propose
a prefix-set-based solution (PREFIX) that encompasses three
methods, namely PREFIXsingle (addressing (i)), PREFIXmultiple
(addressing (ii)), and PREFIXtuning (addressing (iii)). We offer
theoretical and practical evidence that PREFIX is capable of
outperforming the state-of-the-art solution (SWS). In particular,
PREFIX achieves at least 115x to 1,906x speedups and is the first
solution that can efficiently generate multiple high-resolution
STKDVs for the large-scale New York taxi dataset with 13.6
million data points.

I. INTRODUCTION

Heatmaps (or hotspot maps) are important tools that en-
able domain experts to visualize and analyze geospatial data.
Among the heatmap techniques, kernel density visualization
(KDV) [27], [78] is a classic technique that has been used
widely in many domains. For example, transportation ex-
perts [18], [35], [43], [58], [89] and criminologists [50], [56],
[73], [93], [96], [100] employ KDV to discover traffic accident
hotspots and crime hotspots, respectively, in geographical
regions, and epidemiologists [37], [49], [52], [54] employ
KDV to analyze disease outbreaks. Fig. 1 shows an example
use of KDV for discovering the crime hotspots in Los Angeles.
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Note that there was one crime hotspot from 1st January
2010 to 31st December 2019. Due to the popularity of KDV,
many commonly used visualization software packages, e.g.,
Deck.gl [3], Seaborn [13], and Leaflet [5], geographical soft-
ware packages, e.g., QGIS [10] and ArcGIS [1], and scientific
software packages, e.g., Scikit-learn [65] and Scipy [85], can
also support KDV.

(a) Crime events in Los Angeles (b) Hotspot map

Fig. 1: A hotspot map (based on KDV) for crime events in
Los Angeles from 1st January 2010 to 31st December 2019,
where the red region is a hotspot.

However, KDV ignores the occurrence time of each location
data point (or event) and cannot show how hotspots change
over time. As pointed out by domain experts [37], [50], [53]–
[55], [58], many geographical events (e.g., traffic accidents,
crime events, and disease outbreaks) are time-dependent. Us-
ing crime events in Los Angeles as an example (see Fig. 1a),
Fig. 2 shows that the hotspot distributions change significantly
over time. Therefore, simply using KDV (as in Fig. 1b) may
not reveal the real distribution of crime events. To tackle this
issue, scientists in the geographical domain [18], [37], [49]–
[51], [53], [55], [56], [58], [83] have recently adopted the
more informative spatiotemporal kernel density visualization
(STKDV) that can generate time-dependent hotspot maps (see
Fig. 2). In order to generate this kind of visualization, we need
to color each pixel-timestamp pair (q, ti) based on computing
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TABLE I: Some representative spatial and temporal kernel functions, where dist (including dist(q,p) and dist(ti, tp)), bσ , and
bτ denote the Euclidean distance, the bandwidth of the spatial kernel, and the bandwidth of the temporal kernel, respectively.

Kernel K
(bσ)
space (q,p) K

(bτ )
time (ti, tp) References

Uniform

{
1
bσ

if dist(q,p) ≤ bσ

0 otherwise

{
1
bτ

if dist(ti, tp) ≤ bτ

0 otherwise
[90]

Epanechnikov

{
1− 1

b2σ
dist(q,p)2 if dist(q,p) ≤ bσ

0 otherwise

{
1− 1

b2τ
dist(ti, tp)

2 if dist(ti, tp) ≤ bτ

0 otherwise
[37], [51], [87]

Quartic

{(
1− 1

b2σ
dist(q,p)2

)2 if dist(q,p) ≤ bσ

0 otherwise

{(
1− 1

b2τ
dist(ti, tp)

2
)2 if dist(ti, tp) ≤ bτ

0 otherwise
[17], [56]

the spatiotemporal kernel density function FP̂ (q, ti) (see
Equation 1).

FP̂ (q, ti) =
∑

(p,tp)∈P̂

w ·K(bσ)
space(q,p) ·K

(bτ )
time (ti, tp) (1)

where w, P̂ , K(bσ)
space(q,p), and K

(bτ )
time (ti, tp) denote the nor-

malization (positive) constant, the set of spatiotemporal data
points, the spatial kernel function, and the temporal kernel
function, respectively. Some representative kernel functions
are listed in Table I.

(a) 24th January 2010 (b) 29th October 2011 (c) 5th May 2015

Fig. 2: Using STKDV to visualize hotspots of crime events in
Los Angeles with different timestamps.

Nevertheless, generating STKDV is very time-consuming.
Given a spatial resolution X × Y , T timestamps, and a set
of location data points with size n, a naı̈ve implementation
of STKDV takes O(XY Tn) time, which does not scale to
high resolutions, large-scale datasets, and a large number of
timestamps. Worse still, domain experts [37], [40], [77], [95]
need to generate multiple STKDVs by tuning the bandwidth
parameters of spatial and temporal kernels, i.e., bσ and bτ ,
respectively, in Table I (which will be discussed in Section III),
in order to obtain the time-dependent hotspot maps with the
best visual quality. This further exacerbates the inefficiency
issue of STKDV. In fact, many domain experts [37], [49],
[54], [77] have complained about this issue with using STKDV.
Using a recent work as an example, Lan et al. [54] mention
that “Although temporal extensions for these methods have
been proposed in the literature (such as STKDE, space-time
interpolation), they are computationally demanding,...”.

To address this issue, Chan et al. [21] have proposed
the sliding-window-based solution (SWS) that reduces the
worst-case time complexity for generating exact STKDV
from O(XY Tn) to O(XY (T + n)). Despite this, the time
complexity still depends on XY n, which is not yet efficient
enough to support high-resolution STKDV on large datasets.

For example, the SWS method cannot generate STKDVs
with a 480 × 320 resolution on datasets with more than
500,000 data points within one hour (see Figure 12 of [21]).
In addition, this method requires all timestamps of STKDV
to be known in advance. In contrast, domain experts can
perform exploratory analysis [61]–[63], where the timestamps
are provided on the fly. Furthermore, this work [21] has not
provided efficient algorithms to generate multiple STKDVs for
different bandwidth parameters.

To further improve the efficiency of STKDV-based data
analytics, we ask the following two research questions.

1) Can we further reduce the time complexity for computing
exact STKDV, without increasing the space complexity,
in the following two settings?
(a) Every timestamp is given on the fly (i.e., T = 1).
(b) The T timestamps are known in advance.

2) Can we reduce the time complexity for computing mul-
tiple exact STKDVs with different spatial and temporal
bandwidths, without increasing the space complexity?

In this paper, we answer the above questions by proposing
a prefix-set-based solution (PREFIX) that encompasses three
methods. To tackle the first question, we develop PREFIXsingle
and PREFIXmultiple that reduce the time complexity for gen-
erating exact STKDV with an on-the-fly timestamp (i.e.,
T = 1) and T known timestamps, respectively. To tackle the
second question, we develop PREFIXtuning that reduces the
time complexity of generating exact STKDVs with multiple
spatial and temporal bandwidths. The proposed methods retain
the same space complexity for solving these problems. Table II
summarizes the worst-case complexity results of our solution,
PREFIX, and the state-of-the-art solution, SWS [21], where
X × Y , T , n, M , and N denote the spatial resolution,
the number of timestamps, the dataset size, the number of
spatial bandwidths, and the number of temporal bandwidths,
respectively.
TABLE II: Complexity results for computing exact STKDVs.

Problem Method Time complexity Space complexity
STKDV SWS [21] O(XY n) O(XY + n)

(on-the-fly PREFIXsingle O(Y (X + n)) O(XY + n)
timestamp) (Section IV-B) (Theorem 1) (Theorem 4)

STKDV SWS [21] O(XY (T + n)) O(XY T + n)
(T known PREFIXmultiple O(XY T + Y n) O(XY T + n)

timestamps)(Section IV-C) (Theorem 2) (Theorem 5)
SWS [21] O(MNXY (T + n)) O(MNXY T + n)

Bandwidth PREFIXtuning O(M(XY TN + Y n))O(MNXY T + n)
tuning (Section IV-D) (Theorem 3) (Theorem 6)
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Our experiments on five large-scale location datasets (with
up to 5 million data points) show that PREFIX can achieve
speedups of 115x to 1,906x over the state-of-the-art solution,
SWS, in all problem settings. In addition, we conduct a
case study to generate 25 high-resolution STKDVs (with
X = 1280, Y = 960, and T = 32) for the large-scale New
York taxi dataset [8] (with n = 13.6 million data points).
Compared with the state-of-the-art solution, SWS [21], which
takes more than one day to generate a single STKDV, our
solution only takes 23 minutes to generate these 25 high-
resolution STKDVs, which, to the best of our knowledge, is
the first study to achieve this scalability in a single-machine
setting. Furthermore, we provide a case study that illustrates
how to support STKDV-based exploratory operations on the
Hong Kong COVID-19 dataset [2]. With the lower time com-
plexity of PREFIX, we show that PREFIX enables real-time
performance (< 0.5 seconds) of STKDV-based exploratory
operations on this dataset, while SWS needs roughly 20
seconds to generate a single hotspot map.

The rest of the paper is organized as follows. We first
review the related work in Section II. Then, we formally define
the problems and overview the state-of-the-art solution, SWS,
in Section III. Next, we illustrate our solution, PREFIX, in
Section IV. After that, we discuss the experimental results in
Section V. Lastly, we conclude our paper in Section VI.

II. RELATED WORK

In this section, we review four camps of studies, which are
closely related to this work.
Sliding-window-based methods: In the database and data min-
ing communities, sliding-window-based methods have been
used extensively to improve the efficiency of many query
processing tasks, including aggregate queries (e.g., COUNT,
MIN, MAX,...) [42], [57], [79]–[81], [84], [88], [92], fre-
quency queries [15], [44], [45], top-k queries [86], [101],
[102], and skyline queries [59], [82], [94]. Since none of these
studies focuses on the spatiotemporal kernel density function
FP̂ (q, ti) (see Equation 1), they cannot be adopted readily to
improve the efficiency for supporting STKDV. Recently, Chan
et al. [21] successfully developed the first sliding-window-
based solution (SWS) to reduce the time complexity for
generating STKDV. However, this method achieves inferior
theoretical and practical performance compared with PREFIX
(see Table II and Section V).
Range-query-based methods: Recall from Table I that only
those data points (p, tp) ∈ P̂ with dist(q,p) ≤ bσ and
dist(ti, tp) ≤ bτ can contribute to the spatiotemporal kernel
density function FP̂ (q, ti) (see Equation 1). Therefore, one
possible approach is to first find the range query set R(q, ti) =
{(p, tp) ∈ P̂ : dist(q,p) ≤ bσ and dist(ti, tp) ≤ bτ} for
each pixel-timestamp pair (q, ti) and then evaluate FP̂ (q, ti)
based on this range query set R(q, ti). Since many index
structures [48], [75], [76], [91], e.g., kd-tree [16] and ball-
tree [64], have been developed to improve the efficiency for
solving range queries, this approach can also improve the
efficiency of computing STKDV. However, range-query-based
methods do not reduce the time complexity for computing

STKDV. In addition, Chan et al. [21] verified that this approach
is consistently inferior compared with the SWS method.
Parallel methods: Various studies [21], [37], [38], [49], [77]
propose parallel methods to improve the efficiency of comput-
ing STKDV. However, most of these studies [37], [38], [49],
[77] mainly parallelize the naı̈ve method (with no optimiza-
tion). Recently, Chan et al. [21] parallelized the state-of-the-
art method, SWS, which can significantly improve practical
efficiency. Nevertheless, the theoretical improvement of the
parallel methods is at most T times using T threads (e.g.,
at most 16 times with 16 threads). Since PREFIX achieves
speedups of at least two orders of magnitude over SWS (to be
discussed in Section V), the parallel version of SWS is still
not competitive with PREFIX in a single machine setting (with
a limited number of threads).1 A more detailed discussion on
the parallelization of PREFIX can be found in a supplementary
document (see Section 3 of [24]).
Other kernel-density-visualization-related methods: Through-
out the past two decades, many studies have been developed
for solving other types of kernel density visualization, e.g.,
spatial kernel density visualization (SKDV) [19], [20], [22],
[23], [26]–[28], [31], [39], [46], [47], [66]–[68], [71], [97]–
[99], network kernel density visualization (NKDV) [25], [28],
[32], [33], [70], and network-temporal kernel density visual-
ization (NTKDV) [41], [72], [74]. However, SKDV does not
need to consider the timestamp of a pixel, the timestamp of
a data point, and the temporal kernel function (i.e., ti, tp,
and K

(bτ )
time (ti, tp) in Equation 1, respectively), indicating that

these studies do not consider the more complex spatiotemporal
kernel density function FP̂ (q, ti) (see Equation 1). Worse still,
some studies [19], [22], [26], [31], [39], [46], [47], [66]–
[68], [71], [97]–[99] can only provide approximate results for
SKDV. Therefore, none of these studies in SKDV can be used
directly to efficiently generate exact STKDV. Furthermore, the
studies in NKDV and NTKDV [25], [32], [33], [41], [70], [72],
[74] aim to efficiently obtain visualizations in a road network,
which cannot be extended to support STKDV (as this work
does not consider a road network.).

III. PRELIMINARIES

We first formally define two problems, namely STKDV
(with two settings) and bandwidth tuning, in Section III-A.
Then, we overview the state-of-the-art method, namely sliding-
window-based solution (SWS) [21], in Section III-B.
A. Problem Definitions

To compute STKDV, i.e., time-dependent hotspot maps (see
Fig. 2), with a spatial resolution X×Y for a set of location data
points (see Fig. 1a), domain experts [37], [50], [58] need to
determine the color of each pixel for each timestamp based on
the spatiotemporal kernel density function, which is formally
stated in Problem 1.
Problem 1 (STKDV). Given a set of spatiotemporal data
points P̂ = {(p1, tp1

), (p2, tp2
), ..., (pn, tpn

)} with size n,

1We focus on this setting as domain experts normally adopt the off-the-shelf
software packages (e.g., QGIS, ArcGIS, and Scikit-learn) for their analytic
tasks, who may not necessarily have many computational resources.

101



a spatial resolution X × Y , T timestamps t1, t2,..., tT , the
bandwidth of the spatial kernel bσ , and the bandwidth of the
temporal kernel bτ , we need to compute the spatiotemporal
kernel density function FP̂ (q, ti) for each pixel q and times-
tamp ti (see Equation 1).

In this problem, we focus on two settings: (1) generate
STKDV with each on-the-fly timestamp (i.e., T = 1) and
(2) generate STKDV with T timestamps that are known in
advance.

Based on Problem 1, we further define the bandwidth-tuning
problem for STKDV in Problem 2.

Problem 2 (Bandwidth tuning). Given M bandwidths of
the spatial kernel, bσ1

, bσ2
,..., bσM

, and N bandwidths of
the temporal kernel, bτ1 , bτ2 ,..., bτN , we need to compute
STKDV (see Problem 1) for each pair (bσu

, bτv ) of a spatial
bandwidth and a temporal bandwidth, where 1 ≤ u ≤M and
1 ≤ v ≤ N .

As a remark, since the Epanechnikov kernel is more pop-
ular compared with other kernel functions, we adopt it as
both the spatial kernel K

(bσ)
space(q,p) and the temporal kernel

K
(bτ )
time (ti, tp) in this paper. Nevertheless, all our methods can

be extended to other kernel functions in Table I.

B. Overview of SWS: the State-of-the-art Method

Recently, Chan et al. [21] propose the sliding-window-
based solution (SWS), which reduces the time complexity
for computing STKDV with T timestamps. Observe from
Table I that only data points (p, tp) with dist(ti, tp) ≤ bτ
can result in K

(bτ )
time (ti, tp) > 0, which possibly contribute

to the spatiotemporal kernel density function FP̂ (q, ti) (see
Equation 1). As such, they establish a sliding window W (ti)
(see Equation 2) on the time-axis (see Fig. 3).

W (ti) = {(p, tp) ∈ P̂ : dist(ti, tp) ≤ bτ} (2)

𝑡
(𝐪, 𝑡𝑖)

𝑊(𝑡𝑖)

𝑏𝜏 𝑏𝜏

(𝐩, 𝑡𝐩)

Fig. 3: Only data points (p, tp) in the green sliding window
W (ti) (i.e., dist(ti, tp) ≤ bτ ) can possibly contribute to the
spatiotemporal kernel density function FP̂ (q, ti).

With the definition of W (ti), the next step is to represent the
spatiotemporal kernel density function FP̂ (q, ti) (Equation 1
with the Epanechnikov kernel) as follows.

FP̂ (q, ti) =
∑

(p,tp)∈W (ti)

w·K(bσ)
space(q,p)·

(
1− 1

b2τ
dist(ti, tp)

2
)

(3)
Based on the simple mathematical derivations, they have:

FP̂ (q, ti) = w

(
1− t2i

b2τ

)
·S(0)

W (ti)
(q)+

2wti
b2τ

·S(1)

W (ti)
(q)− w

b2τ
·S(2)

W (ti)
(q)

(4)
where:

S
(u)
W (ti)

(q) =
∑

(p,tp)∈W (ti)

tup ·K(bσ)
space(q,p) (5)

Then, once it is possible to efficiently maintain the statistical
terms S

(u)
W (ti)

(q), 0 ≤ u ≤ 2, in the sliding window, the
density function FP̂ (q, ti) can be computed in O(1) time
using Equation 4.

By moving this sliding window to the next timestamp ti+1

on the time-axis (see Fig. 4), some computations of S(u)
W (ti)

(q)

can be further shared to S
(u)
W (ti+1)

(q) since two consecutive
sliding windows, W (ti) and W (ti+1), may overlap with each
other (see the yellow region in Fig. 4). With this concept
and Equation 4, Chan et al. [21] show that, for a given
spatial pixel q, they can compute the density values for all T
timestamps in O(T + n) time. Since there are X × Y pixels,
the time complexity of this method becomes O(XY (T + n))
for computing STKDV. With M spatial bandwidths and N
temporal bandwidths, this method needs O(MNXY (T +n))
time to support bandwidth tuning (see Problem 2).

𝑊(𝑡𝑖)

(𝐪, 𝑡𝑖+1)

𝑊(𝑡𝑖+1)

𝑡
(𝐪, 𝑡𝑖)

move

Fig. 4: Moving from the green sliding window W (ti) to the
purple dashed sliding window W (ti+1) in order to compute
S
(u)
W (ti+1)

(q) for the next timestamp ti+1, where the compu-

tations for the yellow region in S
(u)
W (ti)

(q) can be shared to

S
(u)
W (ti+1)

(q).

Although the SWS method reduces the worst-case time
complexity for computing STKDV, the time complexity still
depends on XY n. Therefore, this method does not scale
to fine-grained spatial resolutions (i.e., large X × Y ) and
large numbers of data points (i.e., large n). Furthermore,
the SWS method adopts the sharing approach for computing
the statistical terms between consecutive sliding windows
(see Fig. 4), which correspond to consecutive timestamps, in
order to efficiently evaluate the spatiotemporal kernel density
function FP̂ (q, ti) across T timestamps. Therefore, if domain
experts provide each timestamp on-the-fly (i.e., T = 1) for
conducting the exploratory analysis, this approach cannot be
utilized to improve the efficiency for computing STKDV. In
addition, SWS does not offer optimization techniques for
handling multiple bandwidths.

IV. OUR SOLUTION: PREFIX
To advance the state of the art, we propose PREFIX in this

section. Specifically, we first summarize the core ideas of PRE-
FIX in Section IV-A. Based on these ideas, we then discuss
the methods, PREFIXsingle, PREFIXmultiple, and PREFIXtuning,
in Section IV-B, Section IV-C, and Section IV-D, respectively,
which reduce the time complexity for computing STKDV (i.e.,
Problem 1 with two settings) and supporting bandwidth tuning
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(i.e., Problem 2). Lastly, we discuss the space complexity of
PREFIX in Section IV-E.

A. Core Ideas of PREFIX

Here, we first extend the concept of sliding window W (ti)
(see Equation 2) to the general one WI (see Equation 6),
where I denotes any time interval in the time-axis.

WI = {(p, tp) ∈ P̂ : tp ∈ I} (6)

Then, we further define the statistical terms for the window
WI in Equation 7 (u = 0, 1, 2 for the Epanechnikov function
as the temporal kernel).

S
(u)
WI

(q) =
∑

(p,tp)∈WI

tup ·K(bσ)
space(q,p) (7)

Based on these concepts, we illustrate three core ideas
of PREFIX, namely (1) an O(Y (X + |WI |))-algorithm for
computing S

(u)
WI

(q) with all pixels q, (2) prefix set, and (3)
computation of the statistical terms for multiple prefix sets.
Core idea 1 (An O(Y (X + |WI |))-algorithm for computing
S
(u)
WI

(q) with all pixels q): In Fig. 5, note that all grey data
points in WI (see Equation 6) do not depend on the spatial
position of each red pixel. Therefore, WI can be shared across
all pixels q.

W𝔗

…
… …
…

𝑡

Fig. 5: All data points in the sliding window WI (i.e., grey
circles on the time-axis) can be used to compute the statistical
terms S(u)

WI
(q) for all pixels q (i.e., red rectangles in the plane).

Based on the above observation, we aim to compute the
statistical terms S(u)

WI
(q) efficiently for all pixels q. To achieve

this goal, we consider another problem, called spatial kernel
density visualization (SKDV), which is formally stated in
Problem 3.

Problem 3. (SKDV [27]) Given a set of spatial data points
P = {p1,p2, ...,pm} with size m and a spatial resolution
X × Y , we need to compute the kernel density value DP (q)
for each pixel q, where

DP (q) =
∑
p∈P

w ·K(bσ)
space(q,p) (8)

Recently, Chan et al. [27] propose a bucket-based algorithm,
SLAMBUCKET, that takes O(Y (X + m)) time to solve this
problem.

Observe that S(u)
WI

(q) (see Equation 7) is close to DP (q)
(see Equation 8), by replacing the positive constant w and the
set P with tup and WI , respectively. As such, we can modify

SLAMBUCKET to compute S
(u)
WI

(q) in O(Y (X + |WI |)) time
with any spatial kernel function in Table I.

As a remark, this is the first work that (1) observes the
possibility of sharing WI across all pixels q (see Fig. 5) and
(2) observes the linkage between S

(u)
WI

(q) (see Equation 7)
and DP (q) (see Equation 8). Without these two observations,
SLAMBUCKET [27] cannot be directly used for solving our
problems.
Core idea 2 (Prefix set): We first define the prefix set of the
timestamp t, which includes the data points (p, tp) with tp ≤ t

in the dataset P̂ , where:

P̂ (t) = {(p, tp) ∈ P̂ : tp ≤ t} (9)

𝑡

…
… …
…

…
… …
…

…
… …
…

𝑆 ෠𝑃 ℒ
𝑢
(𝐪) 𝑆𝑊𝔗

𝑢
(𝐪)

𝑆 ෠𝑃(𝒰)
𝑢

(𝐪)

ℒ 𝒰

Fig. 6: The statistical terms S
(u)
WI

(q) for the window WI
(i.e., all the red pixels) with the interval I = [L,U ] can be
computed by subtracting S

(u)

P̂ (U)
(q) (i.e., all the purple pixels)

by S
(u)

P̂ (L)
(q) (all the blue pixels), where P̂ (L) and P̂ (U)

represent the data points (p, tp) with tp ≤ L and tp ≤ U ,
respectively.

With this concept, Fig. 6 illustrates how we can then obtain
the statistical terms S

(u)
WI

(q) for the window WI (where
I = [L,U ]) using Equation 10 if the statistical terms for
the prefix sets P̂ (L) and P̂ (U), i.e., S(u)

P̂ (L)
(q) and S

(u)

P̂ (U)
(q),

respectively, are available.

S
(u)
WI

(q) = S
(u)

P̂ (U)
(q)− S

(u)

P̂ (L)
(q) (10)

Since there are X × Y pixels, the statistical terms S
(u)
WI

(q)
for the window WI can be computed in O(XY ) time once
we have S

(u)

P̂ (L)
(q) and S

(u)

P̂ (U)
(q).

Core idea 3 (Computation of the statistical terms for multiple
prefix sets): Suppose that we need to compute the statistical
terms for the prefix sets P̂ (t(1)), P̂ (t(2)),..., P̂ (t(L)), which
correspond to arbitrary timestamps t(1), t(2),..., t(L) (see
Fig. 7).

In Fig. 7, note that we can use the sweep line ℓ to compute
the statistical terms for each prefix set. Here, we use an
inductive approach to show how we can achieve this goal.
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Fig. 7: Using the sweep line ℓ to compute the statistical terms
S
(u)

P̂ (t(v))
(q) for each prefix set P̂ (t(v)), where we consider L

arbitrary timestamps (i.e., 1 ≤ v ≤ L) in this example.

Consider the timestamp t(1). This sweep line ℓ needs to
scan and store all the red data points (p, tp) with tp ≤ t(1).
Once this line ℓ reaches t(1), we can compute the statistical
terms S(u)

P̂ (t(1))
(q) (i.e., the red pixels) in O(Y (X+ |P̂ (t(1))|))

time (see the core idea 1) and remove all these red points from
the sweep line ℓ (in O(|P̂ (t(1))|) time).

Consider the timestamp t(v), where v ≥ 2. Suppose that
the statistical terms S

(u)

P̂ (t(v−1))
(q) for all yellow pixels are

available, the sweep line ℓ needs to scan and store all the
orange points (p, tp) with t(v−1) < tp ≤ t(v). Once this sweep
line ℓ reaches t(v), we can compute S

(u)

P̂ (t(v))\P̂ (t(v−1))
(q) for

all pixels q in O(Y (X + |P̂ (t(v))\P̂ (t(v−1))|)) time (see
the core idea 1). Then, we can compute the statistical terms
S
(u)

P̂ (t(v))
(q) for all orange pixels in O(XY ) time, based on the

following equation.

S
(u)

P̂ (t(v))
(q) = S

(u)

P̂ (t(v−1))
(q) + S

(u)

P̂ (t(v))\P̂ (t(v−1))
(q) (11)

Lastly, we can remove all the orange points from the sweep
line ℓ (in O(|P̂ (t(v))\P̂ (t(v−1))|) time).

Algorithm 1 details how to compute the statistical terms for
multiple prefix sets. Based on the above discussion, the time
complexity of this algorithm is:

O
(
Y (X + |P̂ (t(1))|) +

L∑
v=2

Y (X + |P̂ (t(v))\P̂ (t(v−1))|)
)

(12)
Since the sets P̂ (t(v))\P̂ (t(v−1)) with different v do not
intersect (see Fig. 7), we have

∑L
v=2 |P̂ (t(v))\P̂ (t(v−1))| ≤ n.

In addition, |P̂ (t(1))| → n in the worst case. As such, we can
conclude that finding the statistical terms for the prefix sets
with respect to L arbitrary timestamps (based on Algorithm 1)
takes O(XY L+ Y n) time (see Lemma 1).

Lemma 1. Given a set of spatiotemporal data points P̂
with size n and L arbitrary timestamps, t(1), t(2),..., t(L),
Algorithm 1 takes O(XY L+ Y n) time to find the statistical
terms for the prefix sets with respect to these L timestamps.

Algorithm 1 Algorithm for Computing Statistical terms of L
Prefix Sets (PSSTAT)

1: procedure PSSTAT(timestamps t(1), t(2),..., t(L), P̂ =
{(p1, tp1

), (p2, tp2
), ..., (pn, tpn

)})
2: Initialize the sweep line ℓ, where

ℓ.t← −∞ and ℓ.set← ϕ

3: while ℓ.t < t(L) do
4: ℓ sweeps the next element e
5: if e is (pi, tpi) (where 1 ≤ i ≤ n) then
6: ℓ.t← tpi

7: ℓ.set← ℓ.set ∪ {(pi, tpi
)}

8: if e is t(v) (where 1 ≤ v ≤ L) then
9: ℓ.t← t(v)

10: // Consider all pixels q
11: if v = 1 then
12: S

(u)

P̂ (t(v))
(q)← S

(u)
ℓ.set(q) (Core idea 1)

13: else
14: S

(u)

P̂ (t(v))
(q)← S

(u)

P̂ (t(v−1))
(q) + S

(u)
ℓ.set(q)

15: (Equation 11)
16: ℓ.set← ϕ

17: Return S
(u)

P̂ (t(v))
(q) (where 1 ≤ v ≤ L)

B. PREFIX for Generating STKDV with a Single Timestamp
(PREFIXsingle)

Recall from the core idea 1 (see Section IV-A) that the
statistical terms S

(u)
WI

(q) for all pixels q can be computed
in O(Y (X + |WI |)) time no matter which interval I we
choose. Therefore, once we set I = [ti − bτ , ti + bτ ], i.e.,
WI = W (ti) (see Equation 2 and Fig. 3), we conclude that
S
(u)
W (ti)

(q) for all pixels q can be computed in O(Y (X + n))

time (as |W (ti)| → n in the worst case). With the available
statistical terms S(u)

W (ti)
(q), we can compute the spatiotemporal

kernel density function FP̂ (q, ti) for all pixels q with a single
timestamp ti in O(XY ) time (by adopting simple matrix
arithmetic operations in Equation 4). Theorem 1 states the
time complexity of this method (named as PREFIXsingle).
Theorem 1. PREFIXsingle can compute exact STKDV for a
single timestamp (i.e., solving Problem 1 with T = 1) in
O(Y (X + n)) time.

Compared with the state-of-the-art SWS method (see Sec-
tion III-B), which takes O(XY n) time, our PREFIXsingle
method can further reduce the time complexity to O(Y (X +
n)) for computing STKDV with a single timestamp.
C. PREFIX for Generating STKDV with Multiple Timestamps
(PREFIXmultiple)

A simple approach to generate STKDV with T known
timestamps is to directly adopt PREFIXsingle, which takes
O(TY (X + n)) time (see Theorem 1). However, the time
complexity remains high as TY n is a large value. Here,
we describe how the core ideas of PREFIX can be adopted
to further reduce the time complexity for this setting. With
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the core idea 3 (see Section IV-A), we can first adopt a
sweep line ℓ to maintain all statistical terms S

(u)

P̂ (ti−bτ )
(q) and

S
(u)

P̂ (ti+bτ )
(q) for the endpoints of the window W (ti) with

every timestamp ti (see the pixel-planes on the lower time-
axis in Fig. 8). Since there are T windows and each window
contains two endpoints, we need to maintain O(T ) statistical
terms for the prefix sets, which takes O(XY T + Y n) time
(by setting L = O(T ) in Lemma 1). Based on the core
idea 2 in Section IV-A, we can then obtain the statistical terms
S
(u)
W (ti)

(q) for each window W (ti) (see the pixel-planes on
the upper time-axis in Fig. 8). Since there are T timestamps
(i.e., T windows) and computing S

(u)
W (ti)

(q) for each W (ti)

takes O(XY ) time (see the core idea 2), the time complexity
of computing S

(u)
W (ti)

(q) for all timestamps is O(XY T ). By
adopting Equation 4, we can compute the spatiotemporal
kernel density function FP̂ (q, ti) for all pixels q across T
timestamps in O(XY T ) time. Based on the above discussion,
we conclude that the time complexity of this method, named
as PREFIXmultiple, for generating STKDV with T timestamps
is O(XY T + Y n) (see Theorem 2), which is faster than
PREFIXsingle.

Theorem 2. PREFIXmultiple can compute exact STKDV (see
Problem 1) with T timestamps in O(XY T + Y n) time.

Recall that the state-of-the-art method, SWS, takes
O(XY (T + n)) time for computing STKDV (see Sec-
tion III-B). PREFIXmultiple further improves the theoretical
result to O(XY T + Y n) time.
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Fig. 8: Maintain the statistical terms of the prefix sets,
i.e., S

(u)

P̂ (ti−bτ)
(q) and S

(u)

P̂ (ti+bτ)
(q), for the two end-

points of a sliding window W (ti) with each timestamp
ti (e.g., S

(u)

P̂ (t1−bτ)
(q), S

(u)

P̂ (t1+bτ)
(q), S

(u)

P̂ (tT−bτ)
(q), and

S
(u)

P̂ (tT+bτ)
(q)) in order to compute the statistical terms

S
(u)
W (ti)

(q) (e.g., S(u)
W (t1)

(q) and S
(u)
W (tT )(q)) for all pixels q.

D. PREFIX for Bandwidth Tuning (PREFIXtuning)

A straightforward approach to solve the bandwidth tun-
ing problem (see Problem 2) is to adopt the PREFIXmultiple
method, which takes O(MN(XY T + Y n)) time (see The-
orem 2). However, PREFIXmultiple does not provide any op-

timization for handling multiple bandwidths, which can lead
to inferior performance in this setting. Here, we discuss how
to solve this problem using the core ideas in Section IV-A.
We fix a spatial bandwidth bσ and compute STKDVs with
N temporal bandwidths, i.e., computing FP̂ (q, ti) for each
timestamp ti with N sliding windows (temporal bandwidths)
for all pixels q (see Fig. 9).

t
𝑡𝑖

𝑡𝑖 − 𝑏𝜏1 𝑡𝑖 + 𝑏𝜏1

𝑡𝑖 − 𝑏𝜏2 𝑡𝑖 + 𝑏𝜏2

𝑡𝑖 − 𝑏𝜏𝑁 𝑡𝑖 + 𝑏𝜏𝑁

… …

Fig. 9: Compute the density function FP̂ (q, ti) for all pixels q
with N temporal bandwidths, bτ1 , bτ2 ,..., bτN . Green and blue
pixels denote the density values for the temporal bandwidths
bτ1 and bτN , respectively.

Since each STKDV contains T timestamps, there are
2TN endpoints in total (see Fig. 10). Based on the core
idea 3, finding the statistical terms of all prefix sets takes
O(XY TN + Y n) time (by setting L = 2TN in Lemma 1).
With these prefix sets, we can adopt the core idea 2 to obtain
the statistical terms for each sliding window in O(XY ) time
and compute the corresponding density values FP̂ (q, ti) (see
Equation 4) for all pixels q (in O(XY ) time). Since there
are TN sliding windows in Fig. 10, computing all density
values takes O(XY TN) time. Therefore, given a fixed spatial
bandwidth, the time complexity for computing STKDVs with
N temporal bandwidths is O(XY TN + Y n).

t
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t
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t
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ℓ
Fig. 10: Maintain the statistical terms of prefix sets for all
timestamps of the endpoints of sliding windows.

Recall that there are M spatial bandwidths. Our method,
named as PREFIXtuning, can solve the bandwidth tuning prob-
lem in O(M(XY TN +Y n)) time (see Theorem 3), which is
faster than PREFIXmultiple.
Theorem 3. PREFIXtuning can solve the bandwidth tuning
problem (i.e., Problem 2) in O(M(XY TN + Y n)) time.
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As a remark, the state-of-the-art SWS method takes
O(MNXY (T + n)) time for solving the bandwidth tuning
problem (see Section III-B). Therefore, our PREFIXtuning
method (in O(M(XY TN + Y n)) time) significantly reduces
the time complexity for solving this problem.
E. Space Complexity of PREFIX

We proceed to determine the space complexity of all our
methods, PREFIXsingle, PREFIXmultiple, and PREFIXtuning.
PREFIXsingle: Since PREFIXsingle needs to generate STKDV
with a spatial resolution X × Y for a single timestamp ti
and access the data points in the sliding window W (ti), it
needs at least O(XY + n) space in the worst case (with
|W (ti)| → n). Since PREFIXsingle is based on the simple
modification of the bucket-based algorithm (see the core idea 1
in Section IV-A), SLAMBUCKET [27], this approach does not
affect the overall space complexity (see Theorem 4 in [27]).
As such, PREFIXsingle retains in O(XY + n) space (see
Theorem 4).
Theorem 4. PREFIXsingle needs O(XY +n) space to compute
exact STKDV with a single timestamp (i.e., solving Problem 1
with T = 1).
PREFIXmultiple: To compute STKDV with a spatial resolution
X × Y and T timestamps for a dataset P̂ with size n,
PREFIXmultiple needs at least O(XY T+n) space for outputting
the visualizations and scanning the dataset. In addition, it
only needs to maintain at most O(T ) statistical terms for
prefix sets (i.e., the pixel-planes in the lower time-axis in
Fig. 8) and O(T ) statistical terms for the windows (i.e., the
pixel-planes in the upper time-axis in Fig. 8), which consume
O(XY T ) additional space. Therefore, the space complexity
of PREFIXmultiple remains in O(XY T +n) (see Theorem 5).
Theorem 5. PREFIXmultiple needs O(XY T + n) space to
compute exact STKDV (see Problem 1) with T timestamps.
PREFIXtuning: Since we need to generate MN STKDVs
(with M spatial bandwidths and N temporal bandwidths)
for a dataset P̂ with size n, we need to output the visu-
alizations (with O(MNXY T ) space) and scan the dataset
(with O(n) space). Therefore, PREFIXtuning needs at least
O(MNXY T + n) space. In addition, Fig. 10 shows that
PREFIXtuning needs to maintain the statistical terms of prefix
sets for all endpoints (2TN in total), which takes O(NXY T )
additional space, given a fixed spatial bandwidth. Since the
additional space can be cleared before we process the next
spatial bandwidth, the space complexity of PREFIXtuning re-
mains in O(MNXY T + n) (see Theorem 6).
Theorem 6. PREFIXtuning needs O(MNXY T + n) space to
solve the bandwidth tuning problem (i.e., Problem 2).

Based on the above discussion, both PREFIXsingle,
PREFIXmultiple, and PREFIXtuning achieve the same space com-
plexity compared with the state-of-the-art SWS method (see
Table II) in different problem settings.

V. EXPERIMENTAL EVALUATION

We first introduce the experimental settings in Section V-A.
Then, we investigate the efficiency of all methods for com-

puting STKDV with on-the-fly timestamps and known times-
tamps in Section V-B and Section V-C, respectively. Next, we
conduct experiments for all methods to solve the bandwidth
tuning problem in Section V-D. After that, we compare our
solution with existing software packages in Section V-E.
Lastly, we conduct case studies to analyze spatiotemporal
hotspots on the New York taxi dataset (i.e., New Yorktaxi)
and the Hong Kong COVID-19 dataset in Section V-F and
Section V-G, respectively. Due to space limitations, some
additional experiments are only included in the supplementary
document [24].
A. Experimental Settings

We perform experiments on seven location datasets, as listed
in Table III. These datasets belong to five categories, namely
COVID-19 cases, crime events, traffic accidents, 311 calls,
and pickup locations. By default, we set the spatial resolution
to be 1,280 × 960 and the number of timestamps to be 32.
Furthermore, we use the Scott’s rule [21] to choose a default
spatial bandwidth b

(D)
σ and a default temporal bandwidth b

(D)
τ

for each dataset.2

TABLE III: Datasets.
Dataset n Category Ref.

Hong Kong 50,886 COVID-19 cases [2]
Ontario 560,856 COVID-19 cases [9]

Los Angeles 1,255,668 Crime events [6]
New York 1,674,261 Traffic accidents [7]

London 2,075,950 Traffic accidents [11]
San Francisco 5,003,812 311 calls [12]
New Yorktaxi 13,596,055 Pickup locations [8]

We use five of the datasets in Table III, Ontario, Los
Angeles, New York, London, and San Francisco, to study
the efficiency of our methods, PREFIXsingle, PREFIXmultiple,
and PREFIXtuning, and the state-of-the-art SWS method. Then,
we use the two datasets, Hong Kong and New Yorktaxi, to
conduct case studies. All methods are implemented in C++3

and experiments are conducted on an Intel i7 3.19GHz PC
with 32GB memory. In this paper, we use the response
time (seconds) to measure the efficiency of each method and
only report results that are within 86,400 seconds (i.e., one
day). For brevity, we only show the experiment results of
using the predominant Epanechnikov function (see Table I)
as the spatial and temporal kernels. Note that there are also
other methods, e.g., range-query-based methods (which are
discussed in Section II), for computing STKDV. However, we
do not include them for comparison in this paper since they
have been shown to provide inferior efficiency compared with
the SWS method [21] and take longer than 86,400 seconds in
our experimental settings. We report on additional experiments
that compare these range-query-based methods with PREFIX
in the supplementary document (see Section 1 in [24]).

2For details, we can refer to https://github.com/STKDV/STKDV/blob/
main/para selection.pdf (the supplementary document of the state-of-the-art
work [21]) for selecting a default spatial bandwidth and a default temporal
bandwidth.

3The implementation of all methods can be found on Github link: https:
//github.com/edisonchan2013928/PREFIX.
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Fig. 11: Response time (in total) for computing STKDV with T = 32 on-the-fly timestamps, varying the resolution.
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Fig. 12: Response time (in total) for computing STKDV with the default resolution 1,280 × 960 and T = 32 on-the-fly
timestamps, varying the dataset size.
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Fig. 13: Response time (in total) for computing STKDV with the default resolution 1,280 × 960, varying the number of
(on-the-fly) timestamps T .

B. STKDV with On-the-fly Timestamps
Although PREFIXsingle has the lower time complexity for

computing STKDV with on-the-fly timestamps (see Table II),
we still do not know the practical improvement of PREFIXsingle
compared with the state-of-the-art SWS method. Therefore,
we proceed to conduct the following experiments to test the
efficiency of all methods in this problem setting.
Varying the spatial resolution: We randomly generate T = 32
timestamps and consider the four resolutions, which are 320 ×
240, 640 × 480, 1,280 × 960, and 2,560 × 1,920, for testing
the efficiency of all methods. Since our method, PREFIXsingle,
has the lower time complexity (with O(Y (X + n)) time
for each on-the-fly timestamp) compared with the SWS
method (with O(XY n) time for each on-the-fly timestamp),
PREFIXsingle achieves speedups of at least 115x (see Fig. 11).
In addition, the time gap between these two methods increases
for each dataset when we increase the resolution.
Varying the dataset size: We proceed to investigate how
the dataset size affects the response time of all methods. To
conduct this experiment, we first randomly sample each dataset
with four ratios, which are 25%, 50%, 75%, and 100% (no
sampling), and then measure the response time of all methods
on these sampled datasets. Fig. 12 shows that PREFIXsingle
achieves speedups of 346x to 935x over the state-of-the-art
SWS method. The main reason is that PREFIXsingle has the
lower time complexity for computing STKDV with on-the-fly
timestamps.

Varying the number of timestamps: We further investigate
how the number of (on-the-fly) timestamps T affects the
response time of all methods. Here, we first randomly generate
T = 2, 4, 8, 16, 32 timestamps. Then, for each T , we measure
the response time of all methods using those T timestamps.
Due to the lower time complexity of PREFIXsingle, this method
consistently achieves better efficiency (with speedups of 420x
to 986x) compared with the SWS method (see Fig. 13), no
matter which T we use.
C. STKDV with Known Timestamps

We further investigate the time efficiency of PREFIXmultiple
and the state-of-the-art SWS method for computing STKDV
with known timestamps. In this section, we discuss the results
for the following experiments.
Varying the spatial resolution: In this experiment, we fix the
number of timestamps to be 32 and vary the resolution from
320 × 240 to 2,560 × 1,920 for testing the response time
of PREFIXmultiple and SWS. Since PREFIXmultiple can reduce
the time complexity for computing STKDV (with known
timestamps), our method achieves speedups of 217x to 1,524x
over the state-of-the-art SWS method (see Fig. 14).
Varying the number of timestamps: Here, we further examine
how the number of timestamps T affects the response time
of PREFIXmultiple and SWS. Since the time complexity of
PREFIXmultiple and SWS is O(XY T + Y n) and O(XY (T +
n)), respectively, and the number of data points n is much
larger compared with the number of timestamps T , both
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Fig. 14: Response time for computing STKDV with T = 32 known timestamps, varying the resolution.
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Fig. 15: Response time for computing STKDV with the default resolution 1,280 × 960, varying the number of (known)
timestamps T .

 1

 10

 100

 1000

 10000

 100000

1 2 5 10 20

Ti
m

e 
(s

ec
)

Number of spatial bandwidths

SWS
PREFIXtuning

 1

 10

 100

 1000

 10000

 100000

1 2 5 10 20

Ti
m

e 
(s

ec
)

Number of spatial bandwidths

 1

 10

 100

 1000

 10000

 100000

1 2 5 10 20

Ti
m

e 
(s

ec
)

Number of spatial bandwidths

 1

 10

 100

 1000

 10000

 100000

1 2 5 10 20

Ti
m

e 
(s

ec
)

Number of spatial bandwidths

 1

 10

 100

 1000

 10000

 100000

1 2 5 10 20

Ti
m

e 
(s

ec
)

Number of spatial bandwidths

(a) Ontario (b) Los Angeles (c) New York (d) London (e) San Francisco
Fig. 16: Response time for computing STKDVs with the default resolution 1,280 × 960 and the default number of timestamps
T = 32, varying the number of spatial bandwidths M .
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Fig. 17: Response time for computing STKDVs with the default resolution 1,280 × 960 and the default number of timestamps
T = 32, varying the number of temporal bandwidths N .

methods are insensitive to this parameter T (see Fig. 15).
With the lower time complexity of PREFIXmultiple, this method
achieves speedups of 737x to 1,906x.
D. Bandwidth Tuning

Recall that domain experts need to tune the spatial and
temporal bandwidths in order to obtain the best visual quality
of STKDV. Therefore, we proceed to compare the efficiency
of PREFIXtuning and the state-of-the-art SWS method in this
problem setting.
Varying the number of spatial bandwidths: Here, we inves-
tigate how the number of spatial bandwidths M affects the
efficiency of the PREFIXtuning and SWS methods. To conduct
this experiment, we first adopt the default resolution 1,280
× 960, adopt the default number of timestamps T = 32,
and fix the number of temporal bandwidths N to be 1 (use
the default temporal bandwidth b

(D)
τ ). Then, we divide the

range [0, 2b
(D)
σ ] equally and choose M spatial bandwidths,

i.e., 2b(D)
σ

M , 4b(D)
σ

M ,..., 2b
(D)
σ , where we vary the number M

from 1 to 20 for testing. Since the time complexity of our
PREFIXtuning method and the SWS method (see Table II) is
linearly proportional to the number of spatial bandwidths M ,
the response time increases linearly for these two methods
(see Fig. 16). Benefiting from the lower time complexity
of PREFIXtuning, this method achieves nearly three-order-of-
magnitude speedups over the state-of-the-art SWS method.

Varying the number of temporal bandwidths: We investi-
gate how the number of temporal bandwidths N affects the
efficiency of the PREFIXtuning and SWS methods. We follow
the same settings as in the previous experiment, except that
we fix the number of spatial bandwidths M to be 1 (use
the default spatial bandwidth b

(D)
σ ) and vary the number N

from 1 to 20 for testing, where the N bandwidths are 2b(D)
τ

N ,
4b(D)

τ

N ,..., 2b
(D)
τ . Fig. 17 shows that PREFIXtuning achieves
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at least 754x speedups over the SWS method. Furthermore,
since PREFIXtuning takes O(M(XY TN +Y n)) time and n is
normally much larger than the other parameters, this method
is insensitive to the number of temporal bandwidths N .

E. Efficiency Comparisons with Software Packages
Due to the popularity of STKDV, various software packages

have been recently developed for supporting this tool, includ-
ing LIBKDV [23] (a python library), Fast Density Analysis [4]
(a QGIS plugin), and sparr [14], [36] (an R package). Among
these packages, we only compare our solution with sparr.
The main reason is that LIBKDV and Fast Density Analysis
are built on top of the state-of-the-art SWS method, which
is evaluated extensively in Section V-B to Section V-D. As
a remark, some efficiency results that are related to the
parallelization of LIBKDV are included in the supplementary
document (see Section 3 in [24]).

In this experiment, we adopt two datasets, Los Angeles
and New York, for testing. We measure the response time of
PREFIXmultiple and sparr for generating STKDV with T known
timestamps by (1) following the default settings in Section V-C
and (2) varying the dataset size with four sampling ratios,
which are 25%, 50%, 75%, and 100% (no sampling).
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Fig. 18: Response time for computing STKDV with the default
resolution 1,280 × 960 and the default number of known
timestamps T = 32, varying the dataset size.

Fig. 18 shows the results of sparr and PREFIXmultiple. Since
PREFIXmultiple can achieve low time complexity for generating
STKDV with known timestamps (see Table II), these meth-
ods achieve speedups of 1,522.04x to 2,556.57x over sparr.
Moreover, with the sampling ratios of 50% or above for these
two datasets, sparr consumes more than 32GB memory space,
causing a memory overflow error. Therefore, we also conclude
that sparr suffers from excessive memory space consumption
compared with PREFIXmultiple. Since sparr cannot support
STKDV with on-the-fly timestamps and always takes more
than 86,400 seconds for supporting bandwidth tuning, we
do not compare sparr with PREFIXsingle and PREFIXtuning,
respectively.

F. Case Study: STKDV-based Hotspot Analysis on the New
Yorktaxi Dataset

Since PREFIX is more scalable to large-scale datasets, we
adopt this approach to analyze traffic hotspots of the largest
New Yorktaxi dataset (see Table III), which, to the best of our
knowledge, cannot be feasibly supported by existing solutions.
To conduct this case study, we choose the spatial resolution
to be 1,280 × 960, set the number of timestamps T to be 32,
and specify multiple spatial bandwidths, including 300, 350,

400, 450, and 500 meters, and multiple temporal bandwidths,
including 0.1, 0.2, 0.3, 0.4, and 0.5 days, for tuning the best
visual quality of STKDV (see Problem 2). In this setting,
generating these 25 STKDVs only takes 1,383 seconds (∼23
minutes), while the state-of-the-art SWS method takes more
than 86,400 seconds (i.e., one day) to generate even a single
STKDV.

For brevity, Fig. 19 only shows the STKDV results for
three temporal bandwidths, i.e., 0.1 days, 0.3 days, and 0.5
days, with the fixed spatial bandwidth, i.e., 350 meters, and
five timestamps. Note that the traffic hotspots are mainly in
the Manhattan region. Furthermore, suppose that we choose
0.1 days as the temporal bandwidth, we cannot detect any
hotspots (see the first row of Fig. 19). Once we increase the
temporal bandwidth (e.g., 0.3 days and 0.5 days), we can
discover meaningful hotspots in this region. In addition, we
observe that different temporal bandwidths can be suitable
for different timestamps. For example, using 0.5 days as the
temporal bandwidth on 7/1/2014, 19/1/2014, and 24/1/2014
enables discovery of more hidden patterns (red regions).
while it causes oversmoothing of hotspot maps (a large red
region) on 17/1/2014 and 23/1/2014. As such, our fast solution
enables domain experts to inspect more spatial and temporal
bandwidths to obtain the best visualization results.

G. Case Study: STKDV-based Hotspot Analysis on the Hong
Kong COVID-19 Dataset

We proceed to investigate STKDV-based hotspots on the
Hong Kong COVID-19 dataset by performing exploratory
operations (e.g., selecting different timestamps on the fly and
performing zooming and panning operations). Observe from
the 1st row of the hotspot maps in Fig. 20 that the hotspot
shape can change across timestamps. Once we zoom in and
pan to the northwestern part of Hong Kong (the 2nd row in
Fig. 20), additional hidden patterns can be detected in this
region.

To support exploratory operations smoothly, a primary goal
is to achieve real-time performance (< 0.5 seconds) for
generating a single visualization. However, since SWS suffers
from high time complexity for generating STKDV with an on-
the-fly timestamp compared with PREFIX, this method takes
roughly 20 seconds to generate a hotspot map in the case
study. In contrast, PREFIX can support exploratory operations
in real-time.4

VI. CONCLUSION

In this paper, we study spatiotemporal kernel density vi-
sualization (STKDV), which is used extensively in many
applications, including traffic accident hotspot detection, crime
hotspot detection, and disease outbreak detection. However,
STKDV is very time-consuming and does not scale to large
datasets, high resolution sizes, and a large number of times-
tamps. Although Chan et al. [21] have proposed a preliminary

4We provide the video links, which are https://www.youtube.com/watch?
v=SjWcjHJd1as (Youtube) and https://www.bilibili.com/video/BV171mTYG
ETV (Bilibili), for illustrating this case study with SWS and PREFIX.
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(b) 17/1/2014 (Fri) (c) 19/1/2014 (Sun) (d) 23/1/2014 (Thu)(a) 7/1/2014 (Tue) (e) 24/1/2014 (Fri)

Fig. 19: Generation of STKDVs for three temporal bandwidths, i.e., 0.1 days (1st row), 0.3 days (2nd row), and 0.5 days (3rd

row), where we fix the spatial bandwidth to be 350 meters, choose the resolution size to be 1,280 × 960, and show five
timestamps.

31st December 202228th December 2022 3rd January 2023 6th January 2023

Fig. 20: Generation of STKDVs with four on-the-fly timestamps on the Hong Kong COVID-19 dataset, where the hotspot
maps in the 1st row and the 2nd row cover the whole region and the northwestern region of Hong Kong, respectively.

work, called SWS, that can reduce the time complexity for
computing STKDV, this solution (i) is unable to reduce the
time complexity for supporting exploratory analysis, (ii) still
takes O(XY (T + n)) time, and (iii) does not provide any
optimization techniques for bandwidth tuning. To address
these issues, we propose the prefix-set-based solution, namely
PREFIX, which consists of three methods, PREFIXsingle for
handling (i), PREFIXmultiple for handling (ii), and PREFIXtuning
for handling (iii). Our theoretical analysis (see Table II) shows
that all these methods can significantly reduce the time com-
plexity, without increasing the space complexity, in different
problem settings. Furthermore, our experimental results show
that PREFIX (1) achieves speedups in the range 115x to
1,906x compared with the state-of-the-art SWS method for
all problem settings and (2) is the first solution that scales to

compute multiple high-resolution STKDVs (1,280 × 960) for
the New Yorktaxi dataset (with 13.6 million data points).

In the future, we plan to extend this solution to support
other types of kernel functions, including Gaussian kernel and
exponential kernel, and other geospatial analysis tasks, e.g.,
network-temporal kernel density visualization (NTKDV) [41],
[72], [74] and network K-function [29], [30]. Furthermore, we
will investigate advanced parallel/distributed/hardware-based
methods (e.g., GPUs) to further improve the efficiency of
our solution, since PREFIX still cannot achieve real-time
performance (< 0.5 seconds) for generating STKDV or sup-
porting bandwidth tuning (see Section V) on million-scale
datasets (see Table III). Moreover, we also plan to investigate
the efficiency and accuracy issues of other types of data
visualization tasks (e.g., [34], [60], [69]).
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