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Abstract

Point-to-Line Nearest Neighbor Search (PLNNS) aims to project
each location data point to the nearest line (or road), which is a prior
step for many commonly used road network analysis tools. There-
fore, PLNNS has been adopted in many application domains, e.g.,
transportation science, crime science, and urban planning. However,
PLNNS is computationally expensive, which acts as the main bottle-
neck in a road network analysis pipeline. To address the efficiency
issue of PLNNS, we first develop the approximate grid compression
method, called GRIDégI;vl}POX, which utilizes a small number of grid
cells to represent all data points for efficiently solving the PLNNS
problem with a non-trivial approximation guarantee. In order to
ensure the exact correctness in road network analysis, we then de-
velop GRID(E:)C()‘;\‘ACPT, which further achieves the exact result of solving
the PLNNS problem. Our experiment results on four large-scale
datasets show that GRID‘C%%?X and GRIDE%‘RACPT achieve 7.72x to
524.3x and 5.64x to 18.76x speedups, respectively, compared with
the state-of-the-art solution. The implementation of all methods

can be found in https://github.com/fastnsa/grid-comp-plnns.

CCS Concepts

« Information systems — Geographic information systems.

Keywords

PLNNS; grid compression; exact; approximation

ACM Reference Format:

Hongwei Ye, Tsz Nam Chan, Dingming Wu, Leong Hou U, and Ruisheng
Wang. 2026. An Efficient and Accurate Grid Compression Solution for Point-
to-Line Nearest Neighbor Search. In Proceedings of the 32nd ACM SIGKDD
Conference on Knowledge Discovery and Data Mining V.2 (KDD °26), Au-
gust 09-13, 2026, Jeju Island, Republic of Korea. ACM, New York, NY, USA,
12 pages. https://doi.org/10.1145/3770855.3817711

“Corresponding author.

This work is licensed under a Creative Commons Attribution 4.0 International License.
KDD °26, Jeju Island, Republic of Korea

© 2026 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-2259-2/2026/08

https://doi.org/10.1145/3770855.3817711

Leong Hou U
Department of Computer and
Information Science,
University of Macau
Macao, China
ryanlhu@um.edu.mo

Ruisheng Wang
School of Architecture and Urban
Planning, Shenzhen University
Shenzhen, China
ruiswang@szu.edu.cn

1 Introduction

Road-network-based spatial analysis has been extensively used in
many application domains, including transportation science [27,
33, 39], crime science [16, 44, 49], and urban planning [46, 59, 64].
However, unlike traditional spatial analysis (using the Euclidean
distance), each data point must be projected to the correct line
(or the correct edge) of a road network in advance before we can
adopt those network analysis tools (e.g., network histogram [44],
network kernel density visualization [21, 23, 44], and network K-
function [22]). Figure 1 shows an example for projecting those data
points in the Chicago 311-call dataset [2] to the corresponding road
network.

(a) Original data points

(b) Projected data points
Figure 1: Projecting those data points in the Chicago 311-call
dataset to the corresponding road network.

Therefore, many GIS software packages, e.g., QGIS [9], Ar-
cGIS [1], PostGIS [8], OSMnx [19], and spNetwork [11], offer the
point-to-line nearest neighbor search (PLNNS) functionality for
this projection task. Using Figure 2 as an example, p1, p2, and ps are
projected to the nearest lines [; (with the red data point), I; (with the
purple data point), and [; (with the blue data point), respectively.
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Figure 2: Illustration of point-to-line nearest neighbor search
(PLNNS) and the projection of each data point.
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However, one major drawback for using PLNNS is that this func-
tionality is inefficient. Consider a set of n location data points and L
lines. The time complexity of PLNNS is O(nL). Using the Chicago
crime location dataset [3] (with 8,189,459 data points and 41,222
lines) as an example, the naive approach for solving PLNNS takes
at least 337.59 billion operations (8,189,459 X 41,222), which cannot
be feasible to handle this dataset. Although many index structures,
e.g., R-tree [34], have been adopted for indexing those lines in order
to improve the efficiency for solving PLNNS, these approaches in-
dependently process each data point, which still suffers from high
response time (especially when n is very large).

In this paper, we ask a question. Can we develop the efficient
and accurate solution for handling PLNNS? To provide an affirma-
tive answer to this question, we have proposed the pioneering
grid compression solution, called GRIDégi%?X, which represents a
group of data points for each grid cell by its center, so that it can
simultaneously (1) reduce accessing the state-of-the-art index struc-
ture and (2) achieve non-trivial accuracy guarantees. To further
obtain the exact result for solving the PLNNS problem, we have

proposed GRID]é)é?ACPT, by investigating the candidate search space.
Our experiment results on four large-scale datasets demonstrate
that GRID‘égll)\ﬁ?X and GRIDE%/;ACPT achieve 5.64x to 524.3x speedups
compared with the state-of-the-art solutions, without significant
accuracy degradation. As a remark, these two solutions have been
incorporated into the python library, called FastNSA [6] (released
on 24'" January 2026), which has received 1,280 downloads (until
22" May 2026).

The rest of the paper is organized as follows. We first formally
define the PLNNS problem and discuss the hierarchical index-
ing framework in Section 2. Then, we present GRIDégll)wRSX and
GRIDE)é/RA(i,T in Section 3 and Section 4, respectively. Next, we dis-
cuss our experiment results in Section 5, After that, we provide
the literature review in Section 6. Lastly, we conclude this paper in
Section 7. Appendix can be found in Section 8.

2 Preliminaries

In this section, we first formally define the PLNNS problem in
Section 2.1. Then, we discuss the hierarchical indexing framework
for solving this problem in Section 2.2.

2.1 Problem Definition
We first formally define each line [ in Definition 1.

DEFINITION 1. A linel can be represented by two data points s
and e, which is denoted as | = [s, e].

With Definition 1, there are three cases for calculating the dis-
tance between a data point p to each line [ (see Figure 3), which is
the distance between p and its nearest position on /. We then define
the point-to-line distance in Definition 2.

DEFINITION 2. Given a data point p and a linel = [s,e], the
point-to-line distance is denoted as d(p, ).

llp=sll i Cpl) <0
T
dp.l) = {28 ifo < C(pl) < 1 (1)
[lp —ell if C(p.)) > 1
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Figure 3: Computation of the point-to-line distance.

where || - || is the Euclidean norm and C(p, 1) is defined as follows.

(p-9)"(e-5s)

Cpl) = T @

As a remark, the term C(p, ) is obtained based on the concept
of orthogonality (from linear algebra [14]).

[C(p.D) - (e=9)]"[p—(s+C(p.]) - (e~3))] =0

Based on the point-to-line distance d(p, [) (see Definition 2), we
formally state PLNNS in Problem 1.

PrROBLEM 1. Given a set of n data points P = {p1,p2, ...Pn} and a
set of L linesL = {Iy, Iy, ..., I}, we need to find, for every data point p
inP, (1) the nearest line I* = [s*, e*] so that d(p,*) < d(p, 1) for all
l'inL and (2) the projected data point (on1*) s* + C(p,I*) - (e* —s¥).

2.2 Hierarchical Indexing Framework

In order to efficiently solve the PLNNS problem, a representative
approach is to filter some unnecessary computations. Observe from
Figure 4 that we can avoid processing those lines in the yellow
rectangular region R if the smallest distance between the data point
pandR,ie, d\mi (p, R),islarger than d(p, I) (the distance value that
has been obtained in advance). The main reason is that démm)(p, R)
must be smaller than the distance between p and any position in
R, which indicates that any arbitrary line [, in R must fulfill the
inequality d(p, ;) > dgnin)(p, R) > d(p,l), i.e., any I, in R cannot
be the nearest line for p (based on Problem 1).

A
p )
Q'(’hl,])
Qe(p
d(p,l) "

Figure 4: Illustration of how to filter a set of lines (inside the

yellow rectangular region R), given that the distance d(p, )
has been obtained in advance.

With the above concept, we can construct a hierarchical index
structure (e.g., R-tree families [17, 28, 34]) for those lines (see Fig-
ure 5) in order to solve the PLNNS problem. In this framework, we
need to maintain the minimum priority queue (PQ) for each data
point p and the best-so-far nearest neighbor distance bynp. Note
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that, for each data point p, each entry of PQ either stores (1) a tree
node with its rectangular region R and its corresponding dfgmm) (p,R)
or (2) a line [ and its corresponding d(p, ). Table 1 shows the steps
for using this framework to handle the data point p in Figure 5.
Initially, PQ only stores the node with Ryot and bynp is set to be
oo (see step 1). This minimum priority queue iteratively pops the
node with the smallest distance démm) (p, R) and push its child nodes
in PQ (e.g., Ry, with the highest priority in step 2, is popped and
its child nodes, R3 and Ry, are pushed into PQ in step 3). Once the
popped node is in the leaf level, those lines / in this node are pushed
into PQ (e.g., R; is popped and the lines, [; and I,, are pushed into
PQ in step 4). The best-so-far nearest neighbor distance bnnp is
updated if the line / is popped from PQ and its current bynp value
is larger than d(p, 1) (e.g., bnnp (With oo in step 4) is updated to be
d(p, I;) in step 5). This iterative process terminates and the nearest
line [ is returned if the popped node R/line [ has the distance value
dé.min)(p, R)/d(p, 1) larger than bynp (e.g., d<mm)(p, R;) > banp and
I, is returned as the nearest line in step 6). Note that all entries of
PQ are ultimately cleared (see step 6), and this PQ is reused for
processing the next data point.

_______ »x Ll Ily sl ly,1g

Figure 5: Using the hierarchical indexing framework to solve
the PLNNS problem with one data point p, where those or-
ange nodes and the lines, /; and I; (colored in blue), are ac-
cessed for handling p.

Table 1: Steps for solving PLNNS in Figure 5 for each data
point p using the hierarchical indexing framework.

l Step [ Minimum priority queue (PQ) [ bNND [ Popped node/line ]

1 Rroot o

2 Ri, Ry 0 Rroot
3 R3, R4, Rz oo R1
4 12, R4, ll, R2 [Se] R3
5 Ry, I, R, d(p. 2) b
6 d(p.>) Ry

3  Our Grid Compression Solution: An
Approximation Approach

We first discuss the core ideas of our grid compression solution

in Section 3.1. Then, we illustrate how to tune the optimal grid

cell size in Section 3.2. Lastly, we present our grid compression
algorithm in Section 3.3.

3.1 Core Ideas

Recall from Section 2.2 that the state-of-the-art solution needs
to independently process each data point (i.e., access the index
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structure for each data point). However, observe from Figure 1a
that many data points are spatially close to each other. Hence, we
ask a question. Can we represent multiple data points in a batch
in order to efficiently and accurately solve the PLNNS problem (see
Problem 1)? To provide an affirmative answer to this question, we
have the following three core ideas, which are (1) grid compression,
(2) approximate PLNNS, and (3) feasible grid cell size.

Core idea 1 (Grid compression): Observe from Figure 6 that we
can first establish the grid structure on top of those data points.
Then, we utilize the center position c to represent all data points
for each grid cell (see the red circle in Figure 6).

A

%,[88 °o -

(] °o 08 ’I”’
e
| % -~~~

Figure 6: Illustration of grid compression.

Core idea 2 (Approximate PLNNS): With this grid structure (see
Figure 6), we can (1) find the nearest line I = [s}, e}] for the center
position ¢ (see the red dotted lines in Figure 7) and (2) find the
projected position on I} for each data point p, i.e., s} + C(p, ) -
(e} —s?) (see those pink points in Figure 7), in this grid cell.

Figure 7: Approximately solving the PLNNS problem for all
those data points inside a grid cell.

In order to avoid significant error for using this grid structure,
we need to ensure that every data point p in each grid cell (with
the center c) has the absolute error guarantee with respect to the
point-to-line nearest neighbor distance (see Problem 2).

PROBLEM 2. Given an absolute error €, any grid cell with the center
¢, and any data point p in this grid cell, we need to find I} and the
projected point s, + C(p, %) - (e} —s.) for each p on I} so that the
point-to-line nearest neighbor distance d(p, I*) fulfills this absolute
error guarantee |d(p,1*) — d(p,[})| < e.

Core idea 3 (Feasible grid cell size): In order to establish the grid
(see Figure 6) so that we can solve the approximate PLNNS problem
(see Problem 2), we need to consider this expression |d(p,[*) —
d(p. o).

Observe from Figure 8 that there are two possible cases for
projecting any data point p in the grid cell with the center c to the
corresponding line [} = [s7, e;], which are (1) [} =[* and (2) [ # I*.
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€c
(a)Casel (Iz =17 (b) Case 2 (Iz # 1*)
Figure 8: There are two possible cases for projecting any data

point p in the grid cell with the center c to the line [} (the
closest line to c).

Case 1 (I; =I"): This case is the trivial one. As [; = I*, we can
conclude that |d(p, I*) — d(p,I})| = 0, which indicates that there is
no error for this projection.

Case 2 (I # I"): In this case, we represent the expression |d(p, [*) —
d(p,1})| by the following upper bound (based on the triangle in-
equality).

|d(p,I") = d(p, ;)]

ld(p,I") —d(c. ;) +d(c.,[;) —d(p. )]
ld(p.I") —d(c.l2)| + |d(c. [)) — d(p.L2)| (3)

Here, we further show that this upper bound is only based on the
Euclidean distance between the center point ¢ and the data point p,
ie., ||p — c|| (see Lemma 1 and Lemma 2). The proofs of these two
lemmas can be found in Section 8.1 and Section 8.2.

IA

LEMMA 1. Given any data point p in a grid cell with its center c,
the nearest line I* for p, and the nearest line I} for c, we have

ld(p.I") —d(c,l)| < |lp—cl| ©

LEMMA 2. Given any data point p in a grid cell with its center c,
the nearest line I* for p, and the nearest line I; for c, we have

ld(c,[0) —d(p.l2)| < |lp — <l ®)

Since Lemma 1 and Lemma 2 hold, we note that |d(p,[*) —
d(p,17)| < 2||p = c|| (see Equation 3). Hence, the absolute error
guarantee |d(p,I*) — d(p,})| < € (see Problem 2) can be fulfilled if
[Ip — c|| < § holds for all data points p inside the grid cell with the
center ¢ (see Theorem 1).

THEOREM 1. Given any grid cell with its center ¢, any data point p
in this grid cell, and an absolute error €, we can solve the approximate
PLNNS problem with the absolute error guarantee (Problem 2) if

llp—cll < 5.

Based on this theorem, we can conclude that any rectangle (with
its center position c) that is within the circle with radius $, e.g., the
red, black, and pink dotted rectangles in Figure 9, can be used as a
feasible grid cell.

3.2 How to Tune the Optimal Grid Cell Size?

In order to improve the efficiency of solving the PLNNS problem,
we need to minimize the number of grid cells that is used to cover a
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Figure 9: Each rectangular region that is within the circular
range 5 from the center c, e.g., the red dotted rectangle, the
black dotted rectangle, and the pink dotted rectangle, can be
used as a feasible grid cell.

geographical region (see Figure 1). Hence, given a W X H geograph-
ical region, we need to find the grid cell with size w X h so that the
number of grid cells [%] X [%] is minimized (see Figure 10).

w

"y

[+

Figure 10: A WX H-size geographical region should be covered
by {%] X |-%-| grid cells, where each of them has the size of
w X h.

Moreover, observe from Figure 9 that each grid cell must be
inside the circle with radius £. We can state that the parameters w
o ; 2, (hy2 2

and h must also fulfill this inequality (§)* + (5)* < (5)*. Hence,

finding the optimal grid cell size w X h is equivalent to solving the
following optimization problem.

e |5 |[3

minimize — | x|=
wh wl| |k (OPT)

such that w? +h? <é?

However, we note that the objective function {%] X |-%r| of the
optimization problem (OPT) is not continuous (and thus non-
differentiable), which is hard to find the correct w and h that can
solve this problem. As such, we simplify this optimization problem

by removing the ceiling function.

minimize — X —
w,h w h (OPT-S)
such that w? +h? <é?

In Lemma 3, we state that we can solve this simplified optimiza-
tion problem (OPT-S) by setting w = h = \% The proof of this
lemma can be found in Appendix (see Section 8.3).

LEMMA 3. When we setw = h = \/% we can solve the optimization

problem (OPT-S).

Here, we further state in Lemma 4 thatw = h = iz can act as the
optimal solution for the optimization problem (OPT) if w << W



An Efficient and Accurate Grid Compression Solution for Point-to-Line Nearest Neighbor Search

(or 37 tends to 0) and h << H (or % tends to 0). The proof of this
lemma can be found in Appendix (see Section 8.4).

LEmma 4. If 3 and % tend to 0, we can solve the optimization

problem (OPT) by settingw = h = %

As a remark, the width and height of the geographical region,
i.e., W and H, respectively, should be much larger than the absolute
error € (and thus w and h, based on the constraint of (OPT)). Other-
wise, it incurs significant practical error. Therefore, the conditions,
w

w < 0and % « 0, generally hold in practice.

3.3 Grid Compression Algorithm

After we have obtained the optimal size of each grid cell w X h, we
maintain the set of grid cells G in order to solve the approximate
PLNNS problem with the e-absolute error guarantee (see Problem 2).
Algorithm 1 shows the pseudocode of this method.

Algorithm 1 Grid Compression Algorithm

1: procedure GRIDAZFROX(P = {p;, p,, ..., .}, absolute error €)
2: Obtain w and h of each grid cell (based on €) > Lemma 4

3 Maintain the set of grid cells G, where each grid cell g stores
(1) g.c: the center of g
(2) g.set: the point set that covers those data points in g
for each p € P do
Find the grid cell g that covers p
if g € G then
g.set «— g.setU {p}
else
Compute g.c

10: g.set — {p}
11: G« GU{g}

12: Solve the approximate PLNNS problem (based on G)

R B A

; : ; APPROX
Theorem 2 states the time complexity of using GRIDgyp (Al-

gorithm 1) to solve the approximate PLNNS problem (see Problem 2).
The proof of this theorem can be found in Section 8.5 of Appendix.

THEOREM 2. The time complexity of GRIDAZEKOX i e., Algorithm 1,

is O(Tso1a(|G|) + nlog |G|), where Tso1a(|G|) denotes the time com-
plexity of using the state-of-the-art method for handling |G| grid
cells.

Hence, instead of calling the state-of-the-art method (e.g., the
hierarchical indexing framework in Section 2.2) to solve the PLNNS
problem for all data points in P (i.e., with O(7sota(n)) time), this
approach only needs to call this method |G| times, which can sig-
nificantly improve the efficiency performance as |G| << n, i.e.,
Tsota(|G|) << Tsora(n), in practice.

4 Our Grid Compression Solution: An Exact
Approach

Although our grid compression solution can achieve the non-trivial
absolute error guarantee for solving the PLNNS problem (see Prob-
lem 2), it is possible for projecting some data points to other lines
(e.g., the data point p in Figure 8b is projected to line [ instead of [*).
However, in practice, two positions (in different roads) can be close
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in terms of Euclidean distance but they can be far away in terms of
the shortest path distance. Using Figure 11 as an example, the black
point and the pink point are close (based on Euclidean distance)
but they are far away from each other in this road network (see the
purple dashed line). Therefore, we ask a question. Can we extend
this grid compression solution to achieve the exact result for solving
the PLNNS problem (see Problem 1)? In this section, we provide an
affirmative answer to this question by proposing a new method,

EXACT
called GRIDZ Gy -

@

—_—_—-‘
: ﬁ )
O

Figure 11: Projecting a data point to an incorrect road (the
pink point) can result in a large error (the purple dashed
line), as two positions that are close in terms of Euclidean
distance can be far away on a road network, which is based
on the shortest path distance.

Consider a set of data points, p; and p,, in a grid cell (with the
center c) as an example (see Figure 12). Observe that there exists a
(yellow) circular candidate space that covers the minimum point-
to-line distance from each data point in this grid cell.! With this
concept, we can determine that those black lines that are not inside
this circular candidate space cannot be the nearest line for every
data point. Therefore, these black lines can be filtered.

Figure 12: Illustration of the (yellow) circular candidate space
with its center c for a grid cell, which covers the minimum
point-to-line distance from each data point (see the blue
dashed circle and the purple dashed circle). All those black
lines that are not in this candidate space can be filtered.

However, one major challenge of obtaining this candidate search
space is that it depends on those shortest point-to-line distance
values (e.g., d(p1, [;) and d(ps, [;) in Figure 12), which are supposed
to be found for solving the PLNNS problem (see Problem 1), leading
to a chicken and egg situation. To get rid of this challenge, Lemma 5

'Imagine that we enlarge the circular space with its center c until it covers the blue
dashed circle and the purple dashed circle in Figure 12.
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concludes that we can establish this candidate search space for
this grid cell with its center c that is solely based on the radius
d(c,I7) + €, i.e., the shortest point-to-line distance from c to I} and
the absolute error parameter € (see Figure 13). The proof of this
lemma can be found in Appendix (see Section 8.6).

Figure 13: The (yellow) candidate search space can be deter-
mined by d(c,[}) + €.

LEMMA 5. Given any grid cell with its center ¢, an absolute error
€, any data point p in the grid cell that fulfills ||p — c|| < §, and the
closest line I} to c, all lines I, withd(c,l,) > d(c,I7) + € must not be
the nearest to any p.

By slightly modifying the hierarchical indexing framework (see
Section 2.2), which will be discussed in detail in Section S1 of the
supplementary material [63], our method, GRIDE’SK/ICPT, first retains
all those lines that are inside the candidate search space (e.g., all
those pink and purple lines in Figure 13). Then, GRIDE)(()?A%T com-
putes the point-to-line distance between each data point in this
grid cell and each retained line for solving the PLNNS problem (see

the blue dotted lines in Figure 13).

5 Experimental Evaluation

We first discuss the experimental setup in Section 5.1. Then, we
illustrate the effectiveness of grid compression in Section 5.2. Next,
we test the time efficiency, space efficiency, and accuracy of all
methods for solving the PLNNS problem in Sections 5.3, 5.4, and 5.5,
respectively. Lastly, we conduct a case study to demonstrate how
our methods for PLNNS can be useful for one of the road network
analysis tasks, called network kernel density visualization (NKDV),
in Section 5.6. Additional experiments for Section 5.6 are presented
in Section 8.7. Some experiments, including a case study for network
histogram, parallelization of GRID‘C%R}}I?X and GRID?&?A%T, and com-
parisons with other software packages, are provided in Sections S2,
S3, and S4, respectively, of the supplementary material [63].

5.1 Experimental Setup

Datasets. To conduct our experiments, we adopt four large-scale
point datasets for testing. In order to obtain the corresponding line
dataset for each point dataset, we (1) utilize the OSMnx python
library [19] to extract the road network from the city that this point
dataset belongs to and (2) regard each edge to be a line. Table 2
summarizes all these datasets, where n and L denote the number of
data points and the number of lines, respectively (see Problem 1).

Hongwei Ye et al.

Table 2: Datasets.
Dataset [ n [ L [
6,951,409 11,964 911 calls
8,189,459 | 41,222 Crime events
New Yorkrayi [7] | 33,948,485 | 73,697 | Pick-up locations
New Yorkgike [5] | 35,107,030 | 73,697 | Starting locations

Settings. We compare our methods, GRIDégI;/I[{SX and GRIDE)(()?ACPT,
with the state-of-the-art solution, HIFg_iree, which integrates the
advanced R-tree structure [34]? in the hierarchical indexing frame-
work (see Section 2.2). We implemented all these methods with C++
and conducted experiments on a machine with an Intel i5-12400F
2.5GHz CPU with 64GB RAM. By default, we set the absolute er-
ror parameter € to be 10m. As a remark, we have compared our
methods with more competitors, which are consistently inferior
to HIFR tree, in the supplementary material [63] (see Section S4).
Hence, we omit them in this section.

Category ]

San Francisco [10]
Chicago [4]

5.2 Effectiveness of Grid Compression

In this section, we investigate the effectiveness of using our grid
compression methods, GRIDégl;,}flg)X and GRIDE%?ACPT, to compress
each point dataset with respect to the absolute error €. Observe
from Figure 14 that the larger the ¢, the smaller the number of grid
cells for representing each point dataset. The main reason is that the
grid cell size becomes larger if we adopt a larger € (see Lemma 4).
In addition, the number of grid cells is significantly smaller than
the size of the original point dataset, no matter which e (from 5m
to 25m) we adopt. Consider the largest dataset, New Yorkgiie, as an
example. When e is set to be 5m, the number of grid cells is 586784,
which is only 1.67% of the size in the original dataset. Based on the
high effectiveness of grid compression, we expect that GRIDégi/l}lf)X

and GRID?(()‘;‘ACPT can achieve significant speedups compared with

the state-of-the-art HIFg_i;ee method.
5.3 Time Efficiency of All Methods

In this section, we measure the response time of each method by
conducting the following two experiments.

Varying the dataset size. We proceed to investigate how the
point dataset size affects the response time of each method. To
conduct this experiment, we first randomly sample each dataset
with four sampling rates, which are 25%, 50%, 75%, and 100% (orig-
inal one), and then measure the response time of each method.
Figure 15 shows the results of all methods. Observe that the larger
the dataset size, the longer the response time of each method. Since
GRIDégl;\}fl?X and GRIDE)(()/;A%T utilize a smaller number of grid cells
to compress each point dataset (i.e., reduce the number of using
the R-tree structure), these two methods can outperform HIFg.tree
by 5.64x to 524.3x. Note that GRIDégIﬁ?X can further improve
the efficiency by 1.16x to 51.47x compared with GRID?é‘Rﬁ,T since
GRIDE)C()?ACPT needs to process additional lines for each grid cell (see
the pink lines in Figure 13) to ensure the exact result for solving
the PLNNS problem.

Varying the absolute error parameter €. Here, we further inves-
tigate how the absolute error € affects the response time of each
method by choosing five values, which are 5m, 10m, 15m, 20m,
and 25m. Figure 16 shows the results of all methods. Observe that

2Since all those lines are available in advance, we utilize the advanced bulk-loading
technique for constructing the R-tree.
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Figure 14: Number of grid cells in our grid compression methods, GRIDAPTROX and GRIDEXACT varying the absolute error e.
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Figure 15: Response time for solving the PLNNS problem, varying the point dataset size.
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Figure 16: Response time for solving the PLNNS problem, varying the absolute error €.
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Figure 17: Memory space consumption (MB) of all methods, varying the point dataset size.
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Figure 18: Memory space consumption (MB) of all methods, varying the absolute error e.
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Figure 19: Accuracy (Mean Error, ME) for solving the PLNNS problem, varying the absolute error ¢.
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the state-of-the-art HIFg e method is insensitive to € since the
R-tree structure does not depend on this parameter. In addition, the
larger the € value, the smaller the response time of GRIDég?}ﬁ?X
(based on the reduced number of grid cells in Figure 14). Moreover,
the response time of GRIDE)C()‘K/E,T is not significantly reduced with
a large € although the number of grid cells can also be reduced
(like GRID’C%I;\}}I?X). The main reason is that a large € can result in a
large candidate search space (see Figure 13), which increases the
processing time for handling additional lines. As a remark, our ad-
vanced methods, GRID‘C\gﬁ?X and GRIDE%’R,ICPT, can achieve 11.15x
to 488.83x and 7.03x to 18.76x speedups, respectively, compared

with the state-of-the-art HIFg ;e method.
5.4 Space Efficiency of All Methods

In this section, we further investigate the memory space consump-
tion of each method.

Varying the dataset size. In this experiment, we first randomly
sample each dataset with different sampling rates, which are 25%,
50%, 75%, and 100% (original one). Then, we measure the memory
space consumption of each method. Observe from Figure 17 that the
larger the sampling rate, the higher the memory space consumption
of each method. In addition, since GRIDégi%?X and GRID?&,&T need
to maintain the set of grid cells G (see Section 3.3), the memory
space consumption of these two methods is normally higher than
the one of HIFg_ree. Furthermore, the additional space should not
be very large since |G| << n (see Figure 14 and Table 2). As an
example, GRIDégI;}}SX and GRIDEE’RACPT only consume 1.03x to 1.15x
additional space more than the one of HIFg_ree-

Varying the absolute error parameter ¢. We proceed to examine
how the absolute error € affects the memory space consumption
of each method. To conduct this experiment, we first choose five €
values, which are 5m, 10m, 15m, 20m, and 25m, and then measure
the memory space consumption of each method with respect to
each e. Figure 18 shows the results of all methods. Since |G| is
normally much smaller compared with n in practice (see Figure 14
and Table 2), the memory space consumption of all methods is not
very sensitive to e. Note that GRIDAPEROX and GRIDEXACT only

COMP COMP
consume 1.08x to 1.2x additional space compared with HIFg._tree.

5.5 Accuracy of All Methods

In this section, we proceed to examine the practical accuracy of
all methods for solving the PLNNS problem with respect to the
absolute error €. Here, we utilize the following mean error (ME) for
measuring the accuracy (based on the notations in Problem 2).

l * * Sk * * * * *
ME = ﬁZdG(sc+C(p,lc) (el —s),s" +C(p,I") - (¢* —57))

peP

()

where s} + C(p,[}) - (e —s;) denotes the projected point returned
by the evaluated method on the line segment I} = [s;, e}], and
s + C(p,I") - (e* — s*) denotes the exact projected point on the
ground-truth nearest line segment I* = [s*,e"]. The function
dg (-, -) represents the shortest path distance on the road network.
Figure 19 shows the accuracy of all methods. Since both
GRIDE)(()?A%T and HIFg.ee are the exact methods, each projected
data point s? + C(p, I%) - (e; —s;) must be the same as p. Therefore,
ME must be zero for these two methods regardless of which € we
adopt. In addition, the larger the ¢, the larger the chance for the
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data point p to be projected to another line (i.e., Ij. # [* in Prob-
lem 2), which increases the ME value. As a remark, the ME values
of GRIDégi%’X are range from 1.03m to 7.51m in these four datasets
once we set € from 5m to 25m.

5.6 A Case Study for Road Network Analysis:
Network Kernel Density Visualization

In this section, we investigate why efficiently and accurately solv-
ing the PLNNS problem can benefit for supporting road network
analysis. Here, we utilize the network kernel density visualization
(NKDV) [21, 44] tool, which discovers hotspot regions of a location
dataset, as a case study.

Efficiency of computing NKDV with PLNNS. Recall from Figure 1
that we need to project all data points to the road network in
advance so that we can perform the road network analysis tasks
(e.g., NKDV). Therefore, we test how GRIDégi/%?X and GRIDE)(S‘;&,T
can improve the end-to-end efficiency performance, i.e., computing
(1) PLNNS and (2) NKDV, compared with HIFg .. Here, we utilize
the efficient algorithm in [21], which can compute an exact NKDV

for each dataset and set the default e = 10m for GRIDAPPROX and

EXACT coMP
GRIDEXACT.

Table 3 shows the response time of each method. Although
the end-to-end response time includes both the time of solv-
ing the PLNNS problem and computing NKDV, GRID‘égI;VI}IS)X and
GRIDEXACT can still achieve 5.67x to 43.04x and 5.31x to 10.61x
speedups, respectively, compared with HIFg_ te.. Note that these
two methods can still significantly outperform the HIFg_ree method
because solving the PLNNS problem occupies the majority of the

end-to-end response time. More details can be found in Section 8.7.

Table 3: The end-to-end response time (sec) for supporting
NKDYV with different methods of PLNNS.

[ Dataset [ HIFgiree | GRIDADROX T GRIDERACT
San Francisco 77.91 1.81 9.15
Chicago 122.83 21.68 23.12
New Yorkpag | 513.37 30.96 65.86
New Yorkgike 439.29 17.73 41.42

Accuracy of computing NKDV with PLNNS. Here, we investi-
gate the subjective accuracy of generating NKDV with the exact
(HIFR-tree and GRID(E%%T) and approximate (GRIDégR}ﬁE)X) PLNNS
methods using the New Yorkr,y; location dataset. Observe from Fig-
ures 20a and b that NKDVs with the exact and approximate PLNNS
methods have the similar visualization quality. Therefore, in prac-
tice, once we perform analysis in a large region (e.g., city-level),
we can utilize the GRIDAZ ™ method to further improve the ef-
ficiency without significantly degrading the visualization quality.
However, once we zoom in to the Sunset Park region of New York,
NKDV with the approximate PLNNS method, GRIDégll)vl}SX, can pro-
vide the incorrect result compared with the exact methods, HIFg_ree
and GRIDE)(()?ACPT (see the black dashed rectangles in Figures 20c and
d). Therefore, suppose that we perform detailed analysis in a small
region (e.g., street-level), it is better to utilize GRID?(%%T for solv-
ing the PLNNS problem. Some experiments related to objective

accuracy can also be found in Section 8.7.

6 Related Work

In this section, we review four camps of research studies, which
are closely related to the PLNNS problem.



An Efficient and Accurate Grid Compression Solution for Point-to-Line Nearest Neighbor Search

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

(b) Approximation (New York)
Figure 20: Subjective accuracy of generating NKDVs using the exact (HIFR.tree and GRID
with € = 10m) PLNNS methods for mapping data points in the New Yorkr,yi location dataset to the corresponding road network,
where (a) and (b) are in New York and (c) and (d) are in the Sunset Park region of New York.

(a) Exact (New York)

Map matching. Recall from Problem 1 that PLNNS aims to find the
nearest line for each data point and project (or map) this data point
to the corresponding line, which can be regarded as a category of
map matching [32, 36, 43]. However, most of the existing meth-
ods [24, 32, 36, 38, 41, 43, 47, 48, 52, 57, 65, 67] aim to utilize the
machine learning models to map trajectories onto a road network,
by leveraging the relationship (or properties) between different
data points in these trajectories. However, in many spatial analysis
tasks on road networks, those location datasets (e.g., the 311-call
data points in Figure 1) may not be trajectories, which, therefore,
do not exhibit these properties. To handle such analysis tasks, many
software packages, e.g., QGIS [9] and OSMnx [19], also provide
the functionality of PLNNS for mapping those data points on road
networks.

Tree-based indexing structures. In the literature, many tree-based
indexing structures, e.g., kd-tree [18, 51], ball-tree/m-tree [25, 42,
51, 66], R-tree [17, 28, 51], and range-tree [26], have been proposed
for tackling different types of spatial queries (e.g., KNN and range
queries [45, 50]). However, most of these tree structures, e.g., kd-
tree, ball-tree/m-tree, and range-tree, can only be used for indexing
data points, instead of lines, which, therefore, cannot be used for
handling the PLNNS problem.? In addition, although some tree
structures, e.g., R-tree, can be used for indexing lines, this approach
needs to access the tree structure for finding the nearest line for
every data point, which results in huge response time. Note that
our grid compression solution aims to use one grid cell to represent
multiple data points, which can significantly reduce the number of
accesses no matter which tree structure we adopt.

Grid-based indexing structures. To tackle different types of spa-
tial queries, many grid-based indexing structures [12, 13, 20, 53—
55, 60, 61, 68] have been proposed in the last few decades, which can
be used to boost the efficiency of solving these queries. However,
unlike this work, all of these research studies do not consider any
point-to-line distance property for compression. Furthermore, most
of these research studies [12, 13, 20, 53-55, 60, 68] only focus on
handling spatial queries for supporting point datasets. Therefore,
all these research studies cannot be easily extended to solve our
PLNNS problem (see Problem 1) with non-trivial approximation
and exact guarantees (see Theorem 1 and Lemma 5).
Point-to-hyperplane nearest neighbor search. In the literature,
many research studies [15, 29-31, 35, 37, 40, 58] have developed
efficient algorithms for handling the point-to-hyperplane nearest

3Since we need to find the nearest line for each data point (see Problem 1), building a
tree-based indexing structure for data points cannot solve this problem.

(c) Exact (Sunset Park) (d) Appr0x1mat10n (Sunset Park)
APPROX

CcComMpP

EXACT

comp ) and approximate (GRID

neighbor search problem. However, unlike our PLNNS problem,
which finds the nearest line (from a set of lines) for each data point
(see Problem 1), these research studies aim to find the nearest data
point in a point dataset from each hyperplane query. With this
main difference, all these methods cannot support our setting.

7 Conclusion
In this paper, we study the point-to-line nearest neighbor search
(PLNNS) problem, which is the prior step before using the road-
network-based spatial analysis tools (e.g., NKDV). However, PLNNS
is computationally expensive, which cannot be scalable to handle a
large-scale point dataset and a large number of line segments (e.g.,
roads). Therefore, PLNNS can be regarded as the main bottleneck
of the road network analysis pipeline. Although the state-of-the-
art hierarchical indexing framework can improve the efficiency of
solving the PLNNS problem, this approach needs to invoke the hi-
erarchical index structure (e.g., R-tree) for every data point, which
can still be inefficient in practice. To tackle this efficiency issue,
we first develop the approximate grid compression method, called
GRIDég?}fI(,)X which utilizes a small number of grid cells to repre-
sent those data points in a point dataset in order to efficiently solve
the PLNNS problem with a non-trivial approximation guarantee. By
investigating the property of a candidate search space that is estab-
lished by all data points in a grid cell, we then develop the exact grid
compression method, called GRID(E:)(()‘RACPT, for solving this PLNNS
problem. Our experiments on four large-scale datasets verify that
GRID’C%?}}POX and GRIDE%?ACPT can achieve 7.72x to 524.3x and 5.64x
to 18.76x speedups, respectively, compared with the state-of-the-
art HIFg_iree method, without significantly degrading the accuracy
of solving the PLNNS problem. Our case studies also demonstrate
that GRIDégI;/IfI?X and GRIDE)C()?A%T can substantially improve the effi-
ciency and retain the similar accuracy for supporting road network
analysis tools. These two algorithms have also been integrated into
a python library, called FastNSA [6], for public use.

In the future, we plan to establish the QGIS/ArcGIS plugins for
supporting these two grid compression methods. Moreover, we will

develop efficient algorithms for handling other map matching tools.
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8.1 Proof of Lemma 1
Proor. Here, we let p;» and p;: be the projected data points for
p to the nearest line I* and the line [}, respectively. Moreover, we
also let ¢;+ and ¢ be the projected data points for c to the line I*
and the nearest line I, respectively. Therefore, we have
dip,I") =llp—prll and d(p.L;) =Ilp-pell (7)
d(c,I') =llc—cp|l  and d(cl) =|lc—cpll ®
Based on the property of the point-to-line distance (see Figure 3),
we know that d(c, I*) (see Equation 8) must be smaller than the

distance from c to any position on [* (see Figure 8b). Therefore, we
have

lle = prll = |le — e || )
Moreover, since [ is the nearest line to ¢, we have

lle — el > [le — ez (10
With Equations 9 and 10, we conclude that

lle = prll = |le — ezl (11)

Based on the triangular inequality and Figure 8b, we can observe
that the expression holds.

[l = pell + [lp = cll = [l = pr]| (12)
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By substituting Equations 7, 11, and 8 into Equation 12, we have

d(p,I") —d(c, ) = —|lp | (13)

On the other hand, we also have (based on triangular inequality
and Figure 8b)

lle —cll +1lp —cll = [lp — ezl (14)

Moreover, based on similar ideas, the following inequality holds
(see Figure 8b)

llp—cizll > llp = pell = Ip — pr-ll (15)

By substituting Equation 15 into Equation 14 and considering Equa-

tions 7 and 8, we have

d(p,I") —d(cI7) < |lp—cl| (16)
Based on Equations 13 and 16, we conclude that Equation 4 holds.
O

8.2 Proof of Lemma 2

Proor. Observe from Figure 8b that we have (based on the tri-
angle inequality)

lle = el +1Ip = cll = [lp — g | (17)

In addition, we also have (based on the point-to-line distance prop-
erty in Figure 3)

llp —cizll = llp — pezll (18)

Based on Equation 17, Equation 18, Equation 7, and Equation 8, we

conclude that

d(c.I7) —d(p.I;) = —|lp — | (19)
By adopting the similar concepts in Equations 17 and 18, we also
have (see Figure 8b)

[P = pizll +1lp = cll = [le = przll = [le = ci| (20)
Based on Equations 7 and 8, we have
d(c, ;) —d(p,I;) <|lp—cl| (21)

With Equations 19 and 21, we conclude that Equation 5 holds. O
8.3 Proof of Lemma 3

Proor. Consider the Lagrange multiplier of this optimization
problem. We have

L(w,h2A) = LY %I +A(w2 +hE—€Y)
w

By setting the partial derivatives to zero and solving the resulting
equations, we can conclude that w = h = %
[m}

8.4 Proof of Lemma 4

ProOF. Since we know that ¥ x & <[W]x [H] < (X +1) x
(% +1), the relative error can be represented by the following lower

bound and upper bound.

w H W H
S X -xg (Fry)x(fer) - Wd
= W H = W H
WX e
h w wh
= =—+—=+—
H W WH
Therefore, once 77 and % tend to 0, the upper bound of this relative

error also tends to 0, which, based on the squeeze theorem [56],
can conclude that the relative error tends to 0, i.e., the objective
function [%-l X [%] is nearly the same as % X % (indicating that

w=h-= % can also solve the (OPT) problem). O
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Figure 21: Distribution of the response time for the step 1, solving the PLNNS problem, and the step 2, generating NKDV.
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8.5 Proof of Theorem 2

ProoF. Since (1) many grid cells have zero data point* and (2)
the number of grid cells is large (especially for a large geographical
region, i.e., large W x H) in practice, we maintain the priority queue
for G to store only those grid cells (using the x-coordinate and
y-coordinate of each center as the priority) with at least one data
point in Algorithm 1. Therefore, after this algorithm finds the grid
cell g that covers each data point p in line 5 with O(1) time, it takes
O(log|G|) time for checking whether g is in G (see line 6) and
inserting g in G (see line 11), meaning that line 5 to line 11 takes
O(nlog|G|) time throughout the loop in line 4. Note that solving
the approximate PLNNS problem in line 12 takes O(7sota (|G|))
time. We can conclude that the time complexity of Algorithm 1 is
O(7sota(IGl) + nlog|Gl). o

8.6 Proof of Lemma 5

ProoF. Based on the similar concept in the proof of Lemma 2
and Equation 19, these two inequalities, d(c, l,) < d(p,l,) +||p —c||
and d(c,I7) > d(p, 1) — ||p — c||, hold, respectively. By substituting
them into the condition d(c, [,) > d(c,[7) + €, we have

d(p.lo) > d(p,1;) —2llp—cl|l +¢

Since ||p - c|| < 5, we conclude that d(p, ;) > d(p, [}). Therefore,
I, cannot be the nearest line to p. o

8.7 Additional Experiments of Section 5.6

In this section, we further conduct two additional experiments for
the case study of generating NKDV with two PLNNS methods (see
Section 5.6).

Distribution of response time of computing NKDV. Here, we
measure the distribution of the response time for generating NKDV,

4As an example, some regions (see the upper right region and the lower right region
in Figure 1a) contain zero data point.

which can be divided into two steps, which are (1) solving the
PLNNS problem for projecting each data point on the nearest edge
of the road network and (2) generating NKDV. Observe from Fig-
ure 21 that the main bottleneck of computing NKDV is in step 1,
which occupies at least 89.9% of the end-to-end response time,
when we adopt HIFg_tree as the PLNNS method. With our efficient
GRIDégll)v%?X and GRIDE)C()/RACPT methods, step 1 only occupies 8.04%
to 81.82% of the end-to-end response time. Therefore, these results
can further illustrate why our methods can significantly improve
the efficiency compared with the HIFg.iree method.

Objective accuracy of computing NKDV. We proceed to measure
the objective accuracy of computing NKDV based on the exact
(HIFg.tree and GRIDESACT) and approximate (GRIDASTROX) PLNNS
methods. In order to generate NKDV, previous research studies [21,
23, 62] first divide a road network into a set of lixels® L and then
color each lixel q based on the network kernel density function
value 5(q), where P denotes the set of (exact) projected data points
on a road network. Here, we utilize the average density deviation
(ADD) as the objective accuracy.

ADD = = 3" 175 (0) - (@) (22
qell

where P, denotes the set of projected data points based on the
algorithm A of the PLNNS problem.

Figure 22 shows the ADD results of all datasets. Since the ex-
act PLNNS methods (HIFg.tyee and GRIDE)C()IRACPT) provide the same
network kernel density value for each g, i.e., ﬂa (9) = F5(q), the
ADD values of these methods must be zero. Observe that the ap-
proximate PLNNS method, i.e., GRIDégi/}I{SX, can still provide the
accurate performance for generating NKDV (with up to 3 x 107> in

terms of the ADD results among these four datasets).

SLixel is a small road segment on each edge, which can be regarded as a "pixel” in a
road network.
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