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Abstract—Network Kernel Density Visualization (NKDV) is
a widely used spatial analysis tool in various communities, in-
cluding transportation science, criminology, and urban planning.
However, generating NKDV is very time-consuming, which does
not scale to support large-scale datasets. Although many efficient
algorithms have been developed for supporting this tool, most of
these algorithms cannot be used for handling the most popular
Gaussian kernel function. To tackle this issue, we first develop
the pioneering Piecewise-Linear Approximate solutioN (PLAN),
which can simultaneously (1) reduce the time complexity, (2)
retain the similar space complexity, and (3) achieve the accuracy
guarantee for generating NKDV with the Gaussian kernel. By
providing further optimization for PLAN, our best method, called
PLAN+, can achieve the lowest time complexity for supporting
this tool. Experiment results on four large-scale datasets verify
that both PLAN and PLAN+ achieve 32.47x to 2936.88x speedups,
only incur 1.26x to 2.15x space overhead, and provide accu-
rate NKDV results compared with the state-of-the-art solution
(SOTA). The implementation of all methods can be found in
https://github.com/edisonchan2013928/PLAN.

I. INTRODUCTION

Network Kernel Density Visualization (NKDV) [1]-[5] has
been frequently adopted in many communities, e.g., trans-
portation science, criminology, and urban planning. Trans-
portation scientists and criminologists [3], [5]-[17] adopt
NKDV to investigate traffic/traffic accident and crime hotspots,
respectively. Urban planners [6], [18]-[24] adopt NKDV to
either examine the human mobility or analyze distributions of
different points of interest (e.g., stores) in order to provide
policy for the government. Figure 1b shows the hotspot map
(based on NKDV with the Gaussian kernel) in a road network
for the Chicago 311-call location dataset [25] (data points in
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Figure la). Observe that the deep red and light red regions
denote the hotspots and coldspots, respectively.
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(a) Chicago 311-call dataset

Fig. 1: Generating NKDV for the Chicago 311-call location
dataset (in a) with the Gaussian kernel (in b) and the Epanech-
nikov kernel (in c), where we zoom in to the region near the
West Arthington Street of Chicago.

(b) Gaussian kernel (c) Epanechnikov kernel

In order to generate this type of visualization (like Fig-
ure 1b), domain experts first divide each road into a set
of lixels' and then color them based on the network kernel
density function (see Figure 2a), which is denoted as Fp(q)
(see Equation 1).2
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where P, b, and dg(g,p) are the location dataset, the band-
width parameter,’ and the shortest path distance, respectively.

Although many kernel functions (e.g., Epanechnikov kernel
and quartic kernel) can be adopted in the network kernel
density function, we mainly focus on the Gaussian kernel
function, i.e., exp ( — 3xdc(q,p)?) (see Figure 2b), in this
paper, which are based on these three main reasons. First,

I“Lixel” refers to a small line segment on a road network (with the size ¢
in Figure 2a), which is an analogy to “pixel” on a two-dimensional plane.

2 After the density values Fp(q) of all lixels ¢ have been computed, we
can first divide the range of these density values into several (e.g., 20) equal
intervals, where each interval is assigned one color (e.g., we can assign the
deep red color for the high density value), and then map each density value
to the corresponding color.

3This is the positive value that is provided by domain experts to control
the shape of the kernel function (see Figure 2b).



TABLE I: Theoretical results for generating NKDV with the Gaussian kernel, where |V|, |E|, L, |P|, Tsp, and Ssp denote the
number of nodes, number of edges, number of lixels, number of data points, the time complexity of the shortest path algorithm,
and the space complexity of the shortest path algorithm, respectively. M is a small value that depends on an absolute error €.

[ Method | Time complexity [ Space complexity | Accuracy guarantee | Reference ]
SOTA O(E|Ts +PIL) OV 1P|+ L+ Ssr) Exact [26]
1P|
pran | O(IBITe + LMIB|log ({57 Section III-A to Section III-C
(Theorem 1) O(V|+|P|+ L+ Ssp+ M) e-absolute error
|P]
pLan | OIBITsr + LM B]log (57 ) ) (Theorem 3) (Lemma 1) Section III-A to Section II-D
(Theorem 2)
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(a) NKDV (b) Gaussian kernel

Fig. 2: Tllustration of NKDV for an example dataset (with
black data points) using the Gaussian kernel function.

Gaussian kernel is the most popular one, which has been sup-
ported by various software packages, including ArcGIS [27],
spNetwork [28], Deck.gl [29], and Seaborn [30]. In partic-
ular, those visualization software packages (e.g., Deck.gl and
Seaborn) set Gaussian kernel to be the default kernel function.
Second, the majority of existing studies [5], [6], [8], [9],
[12]-[14], [17]-[21], [24], [31], [32] also adopt Gaussian
kernel for generating NKDV in the recent decades. Third,
Gaussian kernel can provide smooth (and yet more reasonable)
visualization. Consider Figure 1 as an example. Observe that
NKDV with the Epanechnikov kernel can suffer from abrupt
color change (see (i) and (ii) in Figure Ic), which is not
reasonable because two positions that are very close to each
other in a road network should have similar density values. In
contrast, due to the smoothness of the Gaussian kernel, there
is no abrupt color change for the corresponding NKDV (see
(1) and (ii) in Figure 1b).

However, generating NKDV with the Gaussian kernel func-
tion suffers from two main challenges.
Challenge 1 (High time complexity of generating NKDV
with the Gaussian kernel): A simple approach is to access
all data points in P (see Equation 1) for each lixel g. How-
ever, consider the Chicago 311-call dataset [25] (with 10.893
million data points) and the corresponding road network as an
example. Generating NKDV with the lixel size £ = 10m (with
0.67 million lixels) takes at least 7.298 trillion operations.
Therefore, this approach is not scalable to support large-scale
location datasets and a large number of lixels.
Challenge 2 (Hard to extend the state-of-the-art NKDV so-
lutions for supporting the Gaussian kernel): Recently, Chan
et al. [1], [2] have proposed efficient algorithms that can suc-
cessfully reduce the worst-case time complexity for generating
NKDV. However, these two research studies mainly focus on
polynomial-based kernel functions (including Epanechnikov
kernel and quartic kernel), which utilize two main properties

of the kernel functions, namely (1) short-tail property and (2)
sum-of-distance property, for developing efficient algorithms.
Here, we consider the network kernel density function F5(q)
with the Epanechnikov kernel for illustration (see Equation 2).
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Short-tail property. Observe from Equation 2 that all those data
points that are not within the bandwidth b cannot contribute
to the network kernel density function F§(q). Therefore,
computing F' ]‘g(q) can be transferred to solving the range query
problem (with the bandwidth b) for the lixel ¢, which can avoid
scanning all data points for generating NKDV.
Sum-of-distance property. In Equation 2, we note that the
network kernel density function F§(g) can be represented
by the following sum-of-distance function (see Equation 3),
where S is any subset of the location dataset P.

Ds(q) = dalq,p) 3)

peS

By investigating Dg(q), ADA [2] and LION [1] augment
some terms into data points and lixels, respectively, so that
these methods can reduce the worst-case time complexity for
generating NKDV.

Unfortunately, the network kernel density function Fp(q)
(see Equation 1) does not exhibit the above two properties.
Consider the first property. Note that the exponential function
in Equation 1 still has a positive value no matter how small the
exponent is (or how large dg(g,p) is). Consider the second
property. Since there is an exponential function in Fp(q),
it is not possible to represent Fp(g) in terms of Dg(q).
Without these two properties, the state-of-the-art methods [1],
[2] cannot support NKDV with the Gaussian kernel.

Our contributions: To tackle the above two challenges, we
have the following three contributions in this paper.

o« We propose the pioneering Piecewise-Linear Approxi-
mate solutioN (PLAN), which can re-enable the above
two properties. By investigating (i) how the piecewise-
linear function can be utilized to accurately approximate
the network kernel density function (see Equation 1) and
(i) how the piecewise-linear function can be efficiently
handled in each edge, we show that PLAN can simulta-
neously (1) reduce the time complexity of generating
NKDYV, (2) retain the similar space complexity, and (3)
provide the approximation guarantee (see Table I).



o We provide the further optimization for PLAN, namely
PLAN+, by (1) observing the connection between eval-
uating approximate network kernel density function and
another computational problem that is to find the right-
most data points in multiple intervals and (2) developing
the complexity-reduced algorithm for this computational
problem. Note that PLAN+ can achieve the lowest time
complexity for generating NKDV (see Table I).

« We conduct extensive experiments on four large-scale
datasets, which demonstrate that PLAN and PLAN+
achieve 32.47x to 2936.88x speedups and only incur
1.26x to 2.15x space overhead over the state-of-the-
art solution (SOTA) without degrading the (subjective
and objective) visualization quality.

The rest of the paper is organized as follows. We first
formally define NKDV with the Gaussian kernel and outline
SOTA in Section II. Then, we discuss PLAN and PLAN+
with theoretical analysis in Section III. Next, we provide the
experimental evaluation for all methods in Section IV. After
that, we review the related work in Section V. Lastly, we
conclude this paper in Section VI. Supplementary materials
can be found in Section VII.

II. PRELIMINARIES

We first formally define the NKDV problem (using the
Gaussian kernel) in Section II-A. Then, we discuss the state-
of-the-art solution (SOTA) in Section II-B.

A. Problem Definition

Recall from Figure 2a that we need to color each lixel ¢
on a road network in order to generate NKDV for a location
dataset. Here, we formally define NKDV in Problem 1.
Problem 1. Given a road network G = (V, E) that consists
of L lixels and a location dataset P, where each data point
lies on one and only one edge, we need to compute Fp(q)
(see Equation 1) for each lixel q.

B. State-of-the-art Solution (SOTA)

Although many recent advanced algorithms, including
ADA [2] and LION [1], cannot be extended for generating
NKDV with the Gaussian kernel (as discussed in Section I),
the shortest path sharing approach, which is proposed in [26],
can still be used for reducing the time complexity of generating
exact NKDV, which can act as the SOTA solution.

Instead of calling the shortest path algorithm for each
lixel g, SOTA only calls this algorithm in the node s and
node t for each edge e = (s,t) and share the shortest
path distances (from the node s and node ¢ to other nodes)
with all lixels ¢ in this edge e (see Figure 3). Therefore,
this approach only needs to call O(|E|) times (instead of
O(L) times) shortest path algorithms, which reduces the time
complexity for generating NKDV to O(|E|Tsp+|P|L), where
Tsp denotes the time complexity of the shortest path algorithm
(e.g., Tsp = O(|V|log |[V| + |E]) in the Dijkstra’s algorithm).
Despite this, this solution is still not scalable to large location
datasets (i.e., large | P)).
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Fig. 3: Illustration of the SOTA solution, where those shortest
path distances (black dashed lines) can be shared to all lixels
g in the edge e = (s,1).
ITI. OUR SOLUTION: PLAN

To overcome the efficiency issue of SOTA, we propose
the Piecewise-Linear Approximate solutioN (PLAN). First,
we discuss the core ideas of PLAN in Section III-A. Based
on these core ideas, we then discuss the approximation of
network kernel density function and the fast computation
of approximate NKDV in Section III-B and Section III-C,
respectively. After that, we illustrate the improved version of
PLAN, called PLAN+, in Section III-D. Lastly, we discuss the
space complexity of PLAN and PLAN+ in Section III-E.
A. Core ideas

Recall from the Challenge 2 in Section I that the network
kernel density function Fp(q) (see Equation 1) does not ex-
hibit the short-tail property and the sum-of-distance property,
making it difficult to be efficiently computed. To address these
two issues, we have the following core ideas.
Core idea 1: Observe from Figure 4b that the exponential
function exp(—x) is very small once the value x is very large.
Using x = 10 as an example, exp(—x) = 4.54 x 1075, Hence,
if a lixel ¢ and any data point p (e.g., the orange data points, py
and ps, in Figure 4a) are far away from each other, the value
exp(—xda(q,p)?) cannot significantly contribute to Fp(q).
Therefore, this core idea is to set a small threshold § so that
all data points p with exp(—b%dg(q,p)z) < ¢ (see the black
dotted line in Figure 4b) are discarded. Note that we have

exp < - b%dc(q,p)z) <6 = dg(q,p) = by/In (%) @)

As such, we only need to process those data points p that are

within the distance b ln(%) from each lixel g (i.e., those data
points that lie on the green region in Figure 4a). Hence, using
this approach can enable the short-tail property.
Core idea 2: Observe from Figure 5 that it is possible
to approximate the more complicated exponential function
exp(—z) (the blue curve) by the simple linear function (i.e.,
the red line) for any interval [¢,u], where m and k can be
computed based on ¢ and u in O(1) time.

exp(—u) — exp(—¥) wexp(—£) — Lexp(—u)
m =

u—/ u—4{

With this concept, we consider the set of data points P = {p €
P: (< %de(q,p)?* < u} (e.g., the black points in Figure 5).
The network kernel density function of the lixel ¢ with this set
P can be approximated by the following upper bound value.

1 m m
Fel@) < > (ﬁdc(q7p)2+k) = B > da(q,p)+Fk
p€EP pEP

and k =
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Fig. 4: Illustration of Core idea 1.

Hence, by eliminating the exponential function, this upper
bound function exhibits the sum-of-distance property (see
Equation 3).
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Fig. 5: Illustration of Core idea 2.

Core idea 3: Note that Core ideas 1 and 2 are based on
approximating the exponential function (and thus Fp(q) in
Equation 1). In order to retain the similar quality of NKDV,
this core idea is to generate NKDV with a non-trivial ap-
proximation guarantee (i.e., solving Problem 1 approximately),
which is formally stated in Problem 2.

Problem 2. Given a road network G = (V, E) that consists
of L lixels, a location dataset P, where each data point lies
on one and only one edge, and an absolute error €, we need
to compute the approximate network kernel density function
value Ap(q) for each lixel g, where

|Ap(q) — Fp(q)| <€ )

B. Approximation of Network Kernel Density Function

Based on Core ideas 1 and 2, we propose to adopt the
piecewise-linear function PL(z) (with M intervals) to approx-
imate the exponential function exp(—z) (see Equation 6).

ifreT
if v € T,

mix + kl
mox + ko
PL(z) = : (6)
my—12¢+ky—1 ifx ey
0 ifx ey

where Z; = [lo, 1), Iz = [l1,12)ss Zng—1 = [lr—2,lr—1)s
and Zps = [Ipr—1, ). In addition, Iy = 0 and lpy = oo are
dummy variables and Iy, = ln(%) (i.e., exp(—lp—1) = 0).

value T,
A A
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Fig. 6: An example for using the piecewise-linear function to
approximate the exponential function.

Figure 6 shows an example of the piecewise-linear function
with M = 3. Here, we ensure that (1) each line segment
(except the last one) is the upper bound of exp(—z), i.e.,
m;x + k; > exp(—xz) for x € Z; (where 1 < i < M — 1)
and (2) each line segment must not deviate from exp(—zx) by
at most ¢, i.e., m;xz + k; — exp(—z) < e for x € Z; (where
1<i<M-—1)and 0 < exp(—z) < exp(—lp—_1) =0 < e
for x € Zp;. With these two conditions, once we replace
exp(—z) by PL(z) in Fp(q) (see Equation 1), we have
the approximate network kernel density function value Ap(q)
in Equation 7, which can achieve the e-error guarantee in
Problem 2 (see Lemma 1). The proof of this lemma can be
found in Section VII-A.

1 1
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Lemma 1. Given a piecewise-linear function PL(x) (Equa-
tion 6) and an absolute error ¢, if (1) m;x+k; > exp(—x) for
x €Z; (wWherel < i< M—1)and (2) m;x+k;—exp(—zx) < ¢
for x € I; (where 1 < i < M — 1) and 0 < exp(—z) <
exp(—lp—1) = 6 < e for x € Iy, we have the approximate
network kernel density function Ap(q) (Equation 7) so that
|Ap(q) — Fp(q)| < € (Problem 2).

In order to obtain this PL(x) (given an absolute error €), we
aim to reduce the number of intervals M since the large M can

)



result in slow performance (will be discussed in Section III-C).
Therefore, we iteratively find the interval Z; = [l;,1;41) (in the
™ jteration) with the maximum value of [, ; — [; so that the
deviation is less than € (i.e., m;xz + k; — exp(—x) < €) until
we reach the last interval Z; with § < e. Algorithm 1 shows
the pseudocode for obtaining these M intervals.

Algorithm 1 Partition

1: procedure PARTITION(Error parameter €)

2 Let Sz be the set of intervals, where Sz < ¢

3: {0

4: d + exp(—¥) > Core idea 1
5 while § > ¢ do

6 Find v in order to maximize u—¥¢ so that mx+k <

e for all « € [¢,u), where (based on Core idea 2)

_ exp(—u) — exp(—)
N u—2/
uexp(—¢) — Lexp(—u)
k =
u—/{
St «— St U {[[, ’LL)}
{—u
: d + exp(—¥) > Core idea 1

10: Sz« St U [(7 OO)
11: Return Sz

Note that the most challenging part of Algorithm 1 is to
find u (i.e., l;41), given £ (i.e., l;), in line 6. In Lemma 2,
we show that finding the best u is equivalent to solving the
equation with one variable u, which indicates that we can
easily solve it based on some numerical methods [33] (e.g.,
the bisection method). The proof of this lemma can be found
in Section VII-B.

Lemma 2. Given an abs(olute errg)r § and ¢, ﬁndin)g u for mc;xi-
. . exp(—u)—exp(—~£ uexp(—¢)—Lexp(—u
mizing u— ¢ so that =7 T+ 7 —
exp(—z) < € for all £ < x < wu is equivalent to solving

Equation 8 with one variable u.

h(u) =€ ®)

where

h(u) = ﬁ ((exp(—u) —exp(—£))In (exp(*;;:eip(fu))

+ (u=1)exp(~6) — (£~ 1) exp(~u))

Since this partition method does not depend on a loca-
tion dataset P and a road network G, all intervals and the
corresponding parameters (including 6, m;, and k;, where
1 < ¢ < M, in Equation 6) can be obtained and stored in
advance for a given e (especially for those commonly used e
in practice). Figure 7 shows how the number of intervals M
changes with respect to €. Observe that the smaller the ¢, the
larger the M. Moreover, even though we adopt the small e,
M is still not very large (e.g., M = 8 for € = 0.01).

C. Fast Computation of Approximate NKDV

Once we have obtained PL(x), our goal is to efficiently
compute Ap(q) (see Equation 7). Here, we define P(e) to be
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Fig. 7: The number of intervals M of the piecewise-linear
function PL(x), varying the absolute error .

the set of data points in an edge e. With this definition, we
can represent Ap(q) (see Equation 9) by the (non-norr/r\lalized)
edge-e approximate network kernel density function Ap.)(q)
(see Equation 10).

Ap(q) Z Ape)(q) ©)
|P| ecE
where
Aro@= Y PL(gpda@p?)  A0)
pEP(e)

Here, we illustrate how to efficiently evaluate A P(e)(q) for
each edge e = (v,w) in order to efficiently compute Ap(q).

Like [2], we augment the aggregate distance values, agl(e 517)
(de

(see Equation 11) and a P( (see Equation 12), for each data
point p in advance (see Flgure 8), where deg = 0, 1, 2.

de
Pl = Z( el ()
pj€EP(v,p
de e
P = > da(w.p)™ (12)
p; €EP(w,p)
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(deg)  (deg)
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Fig. 8: Augmentatlon of aggregate distance values, which are

ag(efi;) and agj(eug) ) (where deg = 0,1, 2), for each p.

Recall from Core idea 1 that we only need to process
those data points that are within the threshold b,/ln(%). In
this section, we focus on the most complicated case with
de(g,v) < by/In(5) and de(q, w) < by/In(3) (see Figure 8).
Note that this case can be further divided into two subcases.
First subcase. Figure 9 illustrates the first subcase (i.e.,
de (v, w) > 2by/In(§)—de(q, v) —dg (g, w)), which indicates
that the search range from node v and the search range from
node w do not intersect with each other.

Observe that each data point in P(e) can be in one of the
intervals (e.g., the purple data points and pink data points are
in Z\") and Z{"), respectivel

3 3, respectively). Therefore, we can represent

A p(e)(q) (see Equation 10) with respect to a(;if) and a(Id(fﬂ)
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Fig. 9: The search range from node v does not intersect with
the search range from node w.

(deg = 0,1,2). Note that a(de” (or a(‘ﬁ;;)) is similar to
Equation 11 (or Equation 12), except that we replace P(v,p)
(or P(w,p)) (see Figure 8) by Ii(v) (or IZ-(“))) (see Figure 9).

A\P(e) (q)
M—-1

:Z(

i=1

>

b%dc(q,m?ez(v)

+ Z ( (bQ(dG(lL w)+da(w

(m (%(dc(q, )+dc(v,p))2)+k‘i)

,p))Q) +/€z))

zda(a, p)2ez{™)

M-1
_ 2 © |, 2midc(q,v) 1) | Mi (2)
= Z(( = L de(q,v) —Hﬁ)azm—&- b2 1(“)+ = I(q,))

M-1

mi 2 © | 2midg(q,w) 1y | mi (2

+ ((deG((Lw) +ki )a (w)‘FT I(1u)+ b2 I(w))
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(deg)

Here, we discuss how to find L) - Note that all data points

p that are inside Ii(v) must fulfill the following inequality.

1
lifl S F(dG(Q7v) +dG(Uap))2 < li
bV/lio1 — de(g,v) < dg(v,p) < b\/1; — da(g,v)

Therefore, we can adopt the binary search method to find

Piowy a0 Dl , 50 that do(v,piy) ) and d(v.pjiy, ) are

just smaller than by/l;_; — dc(q,v) and by/I; — dg(q,v),
respectively (e.g., p(3) and plglg)h , in Figure 9). With pl(m)V w

- low,v
(4)

=

deg) .
and pyoy, ,,» WE can obtain az?’” in O(1) time, where
(deg) _  (deg) (deg)
IL(U) B P(’U phl gh, v) P(’U.,pl(;;)’,u) (13)

Based on the same idea, we can also first adopt the binary
search method (with O(log |P(e)|) time) to find pl(;)w and
(@)

Phigh.» and then obtain a;‘iig) in O(1) time, where
(deg) _ _(deg) (deg) 14
20 = i) T P, (1

Since there are at most 2M/ intervals on each edge in the
worst case (see Figure 9), the time complexity of this subcase
is O(M log |P(e)|).

Second subcase. Figure 10 illustrates the second subcase (i.e.,

de(v,w) < 2by[In(5) —da(q,v) —da(g,

w)), which indicates
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Fig. 10: The search range from node v intersects with the

search range from node w.

that the search range from node v and the search range from
node w intersect with each other. In order to evaluate Ap(c) (q)
(see Equation 10), we need to first use the binary search
method to find ¢ so that dg (v, () = delwltde(g.w)=de(g.v)
(based on dg(q,v) + da(v,£) = da(q,
takes O(log |P(e)|) time.

Suppose that £ is in Z\") and Z\" (a = 4 in Figure 10)*. We
can then have 7 (UZ, (Ié“;)) that covers those data points in I v)
(") but not in P(w, £) (P(v,0)), ie., I.) = I8\ P(w, ()
(Iéwe) = I\ P(v, ). Using Figure 10 as an example, the
purple data points (the green data points) are in If_}) (Ig;)).
By adopting the similar concepts of the first subcase for those
left intervals from the node v, i.e., Ii(”) l1<i<a-1

and Ic(x Z, and those right intervals from the node w, i.e., I(w)

1<i<a-1)and I( e)’ we can compute Ap (e)(q) in
O(M log|P(e)]) time (a can be at most O(M)).
Remark. It is possible to have some cases with dg(q,v) >

by\/In(%) or dg(g,w) > b

be regarded as the simplified versions of the first subcase.
Observe from Figure 9 that we can discard all those left
(or right) intervals from the node v (or the node w) if
da(q,v) > by/In(%) (or dg(q,w) > by/In(3)). Therefore,
the time complexity is still at most O(M log |P(e)|).

Based on the above disAcussion, we can conclude in

Lemma 3 that computing Ap.(q) takes O(M log|P(e)|)
time, given the shortest path distances dg(q,v) and dg (g, w)
from ¢ to the edge e = (v, w).
Lemma 3. Given an edge ¢ = (v,w) and a lixel q in a road
network G = (V, E) and the shortest path distances d(q,v)
and d¢/(q, w), the time complexity for computing A\p(e) (q) (see
Equation 10) is O(M log|P(e)|).

2
w) + dg(w, £)), which

In($). However, those cases can

4Note that £ must be in the same intervals in both sides (i.e., I&w and I&w
with the same «). The main reason is that dg (g, ) = dg(q,v)+dg(v,£) =
da(q,w) +dg(w, €).



Algorithm 2 Piecewise-Linear Approximation Solution

1: procedure PLAN(G = (V, E), P, b)
2 for each edge e = (v,w) € E do
3: for each p € P(e) do
4 Augment agf(evg)p) inp > Equation 11
5 Augment aED( e9) ») inp > Equation 12
6: for each edge € = (s,t) € F do
7: Obtain SPD(s) and SPD(t), where (each v € V)
.f l
SPD(s).0 = da(s,v) if da(s,v) < by/In(3)
00 otherwise
8: for each lixel ¢ in € do
9: Set R(g) to be 0
10: for each edge e = (v,w) € E do
11: Obtain d;(g,v) and dg(gq, w), where
d SPD(s).
dG(q7 U) — min G(Q7 S) + (S> v
de(q,t) + SPD(t).v
12: R(q) + R( )+ Apey(q) > Lemma3
13: Ap(q) |P‘ > Equation 9
14: Return Ap(q) for all lixels ¢

Algorithm 2 shows the pseudocode of our PLAN solution.
With the low time complexity for computing Ap(e (q) (see
Lemma 3), we conclude in Theorem 1 that the time complexity
of PLAN is O(|E|Tsp + LM|E|log ({5})). The proof of this
theorem can be found in Section VII-C.

Theorem 1. The time complexity of PLAN (i.e., Algorithm 2)
is O(|E|Tsp + LM|E|log (lE‘l))

Compared with SOTA (see Section II-B), which takes
O(|E|Tsp + |P|L) time, PLAN is theoretically faster than
this solution if M < ﬁ This inequality normally
holds in practice. Using the Sa‘n |Francisco crime dataset [34],
which consists of |E| = 11,593 edges and |P| = 2,985, 502

data points, as an example, we have m = 32.16.
og ﬁ

However, even though we set the absolute erfor € to be a

small value (e.g., 0.01), M is still much smaller compared with

|P] ) (e.g., M = 8 in this case, as shown in Figure 7.).

P
|| log (121

D. Further Improvement: PLAN+

In this section, we provide an additional optimization ap-
proach for computing A P(e)(q) (see Equation 10), which can
further reduce the time complexity for generating approximate
NKDV compared with PLAN.

Here, we consider another computational problem (see
PAroblem 3), which is closely related to the evaluation of
Ap(e)(q) (i-e., the first and second subcases in Section III-C).

Problem 3. Given I' intervals and m one-dimensional data

points that are sorted in an axis, we need to find the rightmost
data point for each interval.

Using Figure 11 as an example, observe that the number of
intervals I' = 6, the number of data points m = 18, and all
red data points are the solution to this instance of Problem 3.

L I Iis
—t— —t— r k 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
E..: OOEOQOE...E....E....Eaxis
o :11 ,'12 !13 !/14 !’15 !’16

I Iy Is

Fig. 11: Finding the rightmost (red) data point in each interval.

In order to solve this problem, a direct approach is to adopt
the binary search method I' times in this axis, which takes
O(T logm) time. However, observe from Figure 11 that each
interval covers a relatively small amount of data points com-
pared with all data points in this axis (e.g., [3 = [A2, A3) only
covers three data points.). Therefore, we have this question.
Can we avoid calling the binary search method with all (i.e.,
m) data points in this axis I times?

11;1 i

i Level 0
o) /\ B

° |Levell
AV AN

Fig. 12: A divide-and-conquer approach for obtaining the
rightmost data point of each interval.
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To provide an affirmative answer to this question, we adopt
a divide-and-conquer approach for finding the rightmost (red)
data points in an axis. Observe from Figure 12 that we can
first use the binary search method to find the rightmost (red)
data point that is just before the A value with the middle index,
i.e., A\jr| (the rightmost data point in the interval I ), in
the level 0. Then, we iteratively divide this axis into tzile left
part and right part and follow the same step as the level O (see
the level 1) until each part only covers one interval (e.g., Is =
[A2, A3) in Figure 11). By adopting this approach, we show
in Lemma 4 that Problem 3 can be solved in O(F log (%))
time. The proof of this lemma can be found in Section VII-D.

Lemma 4. The time complexity of solving Problem 3 is
O(F log (%))

Recall from the first and second subcases in Section III-C
that the main bottleneck for evaluating Ap.)(q) is to find the

rightmost data point (or the leftmost data point) of each inter-

val, e.g., pl(o\z , and pl(ngh , (or pl(ovz » and pl(11 ,)h ) 1n Figure 9,

which is the same problem as (or the sllghtly modified version
of) Problem 3. Hence, the worst-case time complexity of
computing Ap.)(q) is further reduced to O (M log (lp(e)l))
(by setting I' = M and m = |P(e)| in Lemma 4), which is
stated in Lemma 5 (the modified version of Lemma 3).



Lemma 5. Given an edge e = (v, w) and a lixel q in a road
network G = (V, E) and the shortest path distances dg(q,v)
and dg(q,w), the time complexity for computing Ap(c)(q) (see
Equation 10) is O(M log (Ip(e)l)).

With Lemma 5, we state in Theorem 2 that the improved
version of PLAN, namely PLAN+, can further lower the
worst-case time complex1ty for generating NKDV, which is

O(|E|Tsp + LM|E|log (57 ‘ 77) ). The proof of this theorem
can be found in Section VII- ﬁ
Theorem 2. The time complexity of PLAN+ is O(|E|Tsp +
LM|E|log (M“‘El))

E. Space Complexity of PLAN and PLAN+

Note that every NKDV method needs to (1) access all nodes,
all edges, all data points, and all lixels in a road network
and (2) call the shortest path algorithm. Therefore, the space
complexity of every method must be at least O(|V|+|P|+ L+
Ssp),> where Ssp denotes the space complexity of the shortest
path algorithm. Here, we further illustrate the additional space
consumption of PLAN and PLAN+.

PLAN. Recall that PLAN needs to (1) store M intervals (see

Figure 6) and (2) augment aggregate distance values, agj(e gi))
and a(d(e j) > for each data point p in every edge e = (v, w)

(see Flgure 8). Therefore, the additional space complexity of
PLAN is O(M + |P|).

PLAN+. Since PLAN+ only changes the order for calling
the binary search method (based on the divide-and-conquer
approach), PLAN+ does not incur additional space overhead
compared with PLAN. As such, the additional space complex-
ity of PLAN+ is also O( ).

Hence, we conclude in Theorem 3 that the space complexity
of PLAN and PLAN+ is O(|V| 4 |P| 4+ L + Ssp + M).
Theorem 3. The space complexity of PLAN and PLAN+ is
O(V|+|P|+ L+ Ssp+ M).

IV. EXPERIMENTAL EVALUATION
We first discuss the experimental settings in Section IV-A.
Then, we evaluate the time and space efficiency of all methods
in Section IV-B and Section IV-C, respectively. Next, we test
the accuracy of all methods in Section IV-D. Lastly, we com-
pare the accuracy and efficiency of generating NKDVs based
on Gaussian kernel and Epanechnikov kernel in Section IV-E.

A. Experimental Settings

We utilize four large-scale location datasets for testing. To
process each dataset, we adopt the OSMNXx library [35] to (1)
extract a road network and (2) map all data points into this
road network. Table II summarizes the details of all datasets.

TABLE II: Datasets.
[ V] [ [E| [ |P]| [ Category ]
Minneapolis [36] | 7,388 12,913 1,598,877 911 calls
New York [37] (71,019120,623| 1,897,418 [Traffic accidents|
San Francisco [34]6,627|11,593(2,985,502| Crime events
Chicago [25] #1,111/70,067(10,893,129 311 calls

[ Dataset

SWe omit |E| since L must be larger than |E|.

To conduct our experiments, we test these four methods,
which are SOTA, PLAN-, PLAN, and PLAN+. SOTA is the
state-of-the-art solution, which is discussed in Section II-B.
PLAN- combines the core idea 1 of Sections III-A with SOTA,
which performs the range search with the distance b,/In (%)
for each lixel ¢ (see the green region in Figure 4a). PLAN
and PLAN+ are based on the techniques from Sections III-A
to III-C and from Sections III-A to III-D, respectively. We
implemented all these methods with C++ and conducted
experiments on an Intel i7 2.1 GHz PC with 16 GB memory.
In this paper, we measure the response time (sec), memory
space consumption (MB), and maximum density deviation
(M DD)/average density deviation (ADD) as the time effi-
ciency, space efficiency, and objective accuracy, respectively,
of each method, where (based on the notations in Problem 2):

MDD = I}gg(max |Ap(a) — Fr(a)]) (15)
ADD = ZZZ\AP(Q) - Fp(q)l (16)

ecFE g€e
We omit the results which are more than 172,800 sec (i.e.,
2 days). By default, we set the lixel size ¢, the bandwidth
parameter b, and the absolute error € to be 10m, 1000m, and
0.05 (i.e., M =4 in Figure 7), respectively.

B. Time Efficiency of All Methods

In this section, we report the time efficiency results of all
methods by conducting the following experiments.
Varying the lixel size. We investigate how the lixel size affects
the response time of each method, by varying it from 5m
to 25m. Observe from Figure 13 that the smaller the lixel
size (i.e., the larger the number of lixels L), the larger the
response time of each method. Since PLAN- avoids scanning
all data points on a road network, PLAN- can achieve 9.61x to
75.27x speedups compared with SOTA. With the lower time
complexity of PLAN and PLAN+, these two methods can
further achieve up to 22.53x speedups compared with PLAN-.
Varying the bandwidth parameter. We proceed to examine
how the bandwidth parameter b affects the response time of
each method. To conduct this experiment, we vary b from
500m to 2500m. Figure 14 shows the results of all methods.
Since SOTA does not exhibit the short-tail property (see
Section I), this method needs to (1) scan all data points and (2)
access all edges in a road network no matter which bandwidth
parameter b we choose. Therefore, the response time of SOTA
is not sensitive to b. With the short-tail property of PLAN-,
PLAN and PLAN+ (see the core idea 1 in Section III-A),
these methods only need to process those data points that are

within the range by/In(3), which are sensitive with respect to
b. As such, once we increase b, the time gaps between PLAN-
/PLAN/PLAN+ with SOTA are smaller for all datasets. Based
on the lower time complexity of PLAN and PLAN+, these two
methods achieve speedups of 32.47x to 2936.88x and 4.36x
to 30.83x compared with SOTA and PLAN-, respectively.

Varying the dataset size. We test how the dataset size affects
the response time of each method. To conduct this experiment,
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we first sample each dataset with different ratios, which are
25%, 50%, 75%, and 100% (i.e., no sampling), and then
measure the response time of each method. Observe from
Figure 15 that PLAN and PLAN+ are more scalable with
respect to the dataset size compared with SOTA and PLAN-
since the time complexity of these two methods only depends
on the logarithm of |P| (see Table I). As a remark, PLAN
and PLAN+ achieve 54.39x to 1015.04x speedups and 2.56x
to 22.05x speedups over SOTA and PLAN-, respectively.
Varying the absolute error. We proceed to investigate how the
absolute error e affects the response time of each method.®
Figure 16 shows the results of all methods. Since SOTA is
the exact method, the response time does not change across e.
Recall from Figure 4 that PLAN-, PLAN, and PLAN+ need
to process more data points with a smaller ¢, i.e., a smaller
€ (based on Lemma 1), which results in a longer response
time for these methods. Due to the lower time complexity of
PLAN and PLAN+, these two methods achieve speedups of
81.01x to 1876.32x and 3.91x to 37.3x compared with SOTA
and PLAN-, respectively.

C. Space Efficiency of All Methods

In this section, we investigate the space consumption of each
method by conducting the following experiments in the two
datasets, which are New York and Chicago.

Varying the lixel size. To conduct this experiment, we first
choose the lixel size from 5m to 25m and then measure
the space consumption of each method. Figures 17a and b
show the results of all methods. Observe that the smaller the
lixel size (i.e., the larger number of lixels L), the larger the
memory space consumption of each method. Since PLAN and
PLAN+ need to augment additional aggregate distance values
for each data point of a road network (see Figure 8), the space
consumption of these two methods are 1.45x to 2.15x larger
than SOTA/PLAN-.

Varying the dataset size. We proceed to test how the dataset
size affects the space consumption of each method. By con-
ducting this experiment, we first sample each dataset with
four ratios, 25%, 50%, 75%, and 100% (i.e., no sampling),
and then measure the space consumption of each method in
each reduced dataset. Observe from Figures 17c and d that all
methods have higher space consumption if we adopt the larger
dataset sizes. PLAN/PLAN+ only incur 1.26x to 2.1x space
overhead compared with SOTA/PLAN-.

6As a remark, existing research studies [38], [39] in kernel density estima-

tion also set this parameter e to be within the range of [0.01, 0.1]. Therefore,
we also adopt the similar range [0.01, 0.09] for varying € in this paper.

D. Accuracy of All Methods

Here, we provide the following experiments to test the
objective accuracy (i.e., M DD in Equation 15 and ADD in
Equation 16) and the subjective accuracy of each method. Note
that we use EXACT and APPROX to represent SOTA and
PLAN/PLAN+, respectively.

Objective accuracy. In this experiment, we vary the absolute
error € from 0.01 to 0.09 and measure the MDD and
ADD values for EXACT and APPROX, which are shown in
Figure 18 and Figure 19, respectively. Since EXACT provides
the same result for each density value (i.e., Ap(q) = Fp(q)),
MDD and ADD are always zero for EXACT. Although we
choose € from 0.01 to 0.09, MDD and ADD for APPROX
are much smaller compared with the corresponding e. For
example, MDD and ADD are at most 0.0198 and 0.0027,
respectively, in these four datasets if we use € = 0.05.

Subjective accuracy. We proceed to investigate the subjective
accuracy of different NKDV methods. To conduct this exper-
iment, we generate NKDVs based on EXACT and APPROX
(by setting € from 0.01 to 0.09) for the Chicago 311-call
dataset. Observe from Figures 20a to d that the larger the
absolute error ¢, the larger the difference between the NKDVss
of EXACT and APPROX. As an example, the color in the
horizontal road of (i) becomes lighter (i.e., lower density
value) when we set a larger € value. In practice, the difference
is not very large since the objective accuracy values (in the
previous experiment) are very small (see Figures 18 and 19).

E. Comparisons with Epanechnikov Kernel

In this section, we proceed to compare the accuracy and
efficiency of generating NKDVs with the Gaussian kernel
(based on PLAN/PLAN+) and the Epanechnikov kernel (based
on ADA/LION) in the Chicago 311-call location dataset under
the default settings (see Section IV-A).

Accuracy. Observe from Figure 20e that NKDV with the
Epanechnikov kernel suffers from abrupt (or non-smooth)
color changes between two close positions (e.g., (i) or (ii)),
which can possibly provide misleading interpretation. As an
example, it is hard to conclude whether (ii) is a safe region.
In contrast, approximate NKDV with the Gaussian kernel can
provide more reasonable (or smooth) visualization results no
matter which e we adopt.

Efficiency. Table III summarizes the response time of gener-
ating NKDVs with the Gaussian kernel and the Epanechnikov
kernel. For each kernel function, we report the smallest re-
sponse time of the corresponding methods. Since the Gaussian
kernel is more complicated than the Epanechnikov kernel, the
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Fig. 20: Subjective accuracy for generating NKDV with EXACT (a), APPROX (b to d) (varying the absolute error), and the
Epanechnikov kernel (e) in the Chicago 311-call location dataset.

TABLE III: Response time (sec) of generating NKDV with
the Gaussian kernel and the Epanechnikov kernel.

[ Dataset | Epanechnikov kernel | Gaussian kernel |
Minneapolis 12.76 37.26
New York 129.03 188.65
San Francisco 17.04 42.22
Chicago 79.68 155.79

response time for supporting NKDV with the Gaussian kernel
is normally (1.46x to 2.92x) slower then the one with the
Epanechnikov kernel.

V. RELATED WORK

In this section, we review three camps of research studies
that are closely related to this work.
Efficient algorithms for kernel density visualization. In the
literature, many research studies [38]-[54] have been devel-
oped for improving the efficiency of computing kernel density
visualization (KDV). However, all these studies mainly focus
on generating planar KDV, which does not consider the road
network. As such, all these methods cannot be extended to
support the network kernel density function (see Equation 1).
On the other hand, Chan et al. [49], [S0] have adopted the
linear and quadratic functions for approximately calculating
the kernel density function, which are similar to this work.
Since these studies do not consider any properties of road
networks, these approaches are unable to reduce the worst-
case time complexity (like Table I). Recently, Chan et al. [1],
[2], [40], [55] further develop complexity-reduced solutions
for generating NKDV with other kernels (e.g., Epanechnikov
and quartic kernels). However, these solutions do not fulfill the
short-tail property and the sum-of-distance property (as stated
in the Challenge 2 of Section I), which cannot support NKDV
with the Gaussian kernel. As such, the state-of-the-art solution
for supporting NKDV is still based on the shortest path sharing
approach [26], which is theoretically and practically inefficient
(see Table I and Section IV-B, respectively).
Efficient algorithms for shortest path computation. Recall
that computing Fp(q) (see Equation 1) needs to find the short-
est path distances. Therefore, fast shortest path algorithms can
improve the efficiency of generating NKDV. In the literature,
various types of shortest path algorithms, including heuristic
searching [56]-[58], shortest path indexing (e.g., hub labeling
structures [59]-[64] and hierarchical structures [59], [62],
[65]-[70]), and shortest path caching [71]-[73], can also be
used for improving the efficiency of finding the shortest path
distances. Nevertheless, most of these research studies, e.g.,

all heuristic searching and shortest path caching methods and
some of the shortest path indexing methods (i.e., hub labeling),
can only improve the efficiency of the shortest distance query,
i.e., computing the shortest path distance between a single
source node and a single destination node in a road network.
Therefore, these methods cannot be extended to improve the
efficiency of solving this problem since we need to obtain all
nodes with their shortest path distance values that are within

by/In (%) (see the core idea 1 in Section III-A). Note that
some of the shortest path indexing methods (i.e., the hierarchi-
cal indexing approach) may further improve the efficiency of
computing shortest path distances. Yet, these methods cannot
significantly improve the efficiency of generating NKDV since
the main bottleneck lies in processing the data points in a road
network (which has been verified by [1], [2]).
Function approximation methods. In the literature, many
researchers have adopted the function approximation meth-
ods [74]-[87] to approximate the complicated kernel functions
in order to improve the efficiency of kernel-based machine
learning tasks, which are closely related to Section III-B. How-
ever, like [49], [50], these research studies do not consider any
properties of road networks, which cannot be simply extended
to support our problem (see Problem 2). Furthermore, to the
best of our knowledge, this is the first work that utilizes the
piecewise-linear function to approximate the Gaussian kernel
so that our solution can simultaneously (1) achieve the non-
trivial absolute-error guarantee and (2) lower the worst-case
time-complexity for generating NKDV.
VI. CONCLUSION

In this paper, we study network kernel density visualization
(NKDV) with the Gaussian kernel. Although many efficient
algorithms (e.g., [1], [2]) have been developed to improve the
efficiency of NKDV, none of them can be extended to support
the commonly used Gaussian kernel. Therefore, NKDV with
the Gaussian kernel still suffers from high time complexity,
which does not scale to large datasets (e.g., with million
data points). To tackle this efficiency issue, we develop the
pioneering Piecewise-Linear Approximate solutioN (PLAN),
which can simultaneously (1) reduce the time complexity,
(2) achieve the similar space complexity, and (3) achieve the
absolute error guarantee. By providing further optimization,
PLAN+ attains the lowest time complexity. In practice, PLAN
and PLAN+ achieve 32.47x to 2936.88x speedups and only
incur 1.26x to 2.15x space overhead over the state-of-the-art
(SOTA) solution without degrading the visualization quality.



In the future, we will investigate how to extend PLAN to
distributed settings for handling extremely large-scale location
datasets (e.g., with billion/trillion-scale data points). Moreover,
we will examine whether PLAN can support other analysis
tasks in road networks [4], e.g., network clustering.

VII. SUPPLEMENTARY MATERIALS
A. Proof of Lemma 1
Proof. Here, we consider |Ap(q)
|Ap(q) — Fp(q)l

1 1
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P P

(
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Since 35dc(q,p)? must be either in Iy, Zy,..., Zps—1, or I
for any data point p in P, we can further conclude that
[Ar(q) — Fr(q)l
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Note that the last inequality is based on the conditions 1 and 2,
ie.,
0 <m;x + k; —exp(—
0 <exp(—z)<e

x)<e ifzeZ, (1<i<M-1)

if 2 € Tns

which indicates that
|m;x + k; — exp(—

|exp(—z)| < e

)| <e ifeeZ, (1<i<M-1)
ifzxely
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B. Proof of Lemma 2

Proof. Here, we consider the gap function G(z) between the

linear function and the exponential function exp(—z) (see
Figure 5), where
Glz) = exp(—u) — exp(—¥) eruexp(—Z) — Lexp(—u) _exp(—z)

u—F u—4L

By setting the differentiation of this function to be 0, we have

G@)|  exp(—u) — exp(=0) o
dl‘ r=x* o u — g + eXp(—ZIJ ) o O
u—/
* 1
— . (exp(fé) - exp(—u))
Since % = —exp(—z) < 0 (no matter which = we

choose), this z* attains the local maxima. Furthermore, we
also note that (1) lim, o G(z) = lim,— o G(x) =
(2) there is only one local maxima, and (3) G(z) is continuous
with respect to x. As such, we conclude that z* is also the
global optima for G(z).

Hence, by setting the gap G(z) for z = z* to be the largest
value €, we can maximize u—¥¢, which results in A(u) =e. O

—0Q,

C. Proof of Theorem 1
Proof. In Algorithm 2, we need to augment agf(e vg)p)

agi(e fu’)p) for each data point p in every edge e = (v,w) in

advance (from lines 2 to 5). Therefore, the time complexity
is O(|V]| + |E| + |P|). Moreover, we also need to call the
shortest path algorithm in the nodes s and ¢ (line 7) of every
edge € = (s,t) (line 6). As such, it takes O(|E|Tsp) time in
line 7 throughout all iterations in line 6. With these shortest
path distances and a lixel g in €, we can (1) evaluate dg(g,v)
and dg(q,w) in O(1) time and (2) compute Ap(.(g) in
O(M log|P(e)|) time (based on Lemma 3) for each edge
e = (v, w). Therefore, the time complexity of lines 9 to 13 is

O(ZM10g|P(e)|> < O(M\E|10g (:2:))

Note that this inequality is based on the proof in Theorem 2
of [2]. Since there are L lixels in total, the time complexity
of lines 9 to 13 throughout all iterations in line 6 and
line 8 is O(LM|E|log (‘ E‘)) Hence, the time complexity
of Algorithm 2 is O(|E|Tsp—|—LM|E|log(I§})) O
D. Proof of Lemma 4

Proof. Since we need to iteratively divide this axis until each
part only covers one interval, the number of levels in Figure 12
is O(logT"). Here, we let the number of data points of the 5™
part in the o™ level be P, 3. Moreover, the number of parts in
the o™ level is at most 2¢. Therefore, we can conclude that the
time complexity of the o™ level is O(Z; 1 log Po,3), where

Z 5=1Pa 5 = m. With the AM GM inequality [88], we have

Zlogpag—log(HPag) <2a10g( )

Since there are O(logT") levels in Figure 12, we conclude that

the time complexity for solving Problem 3 is
logI" 2¢ log’
(Z ZlogPalg) < O( Z 2“log( ))
a=0 =1
log’

—O(longZo‘ logQZa 2“)— (Flog%)

As a remark, the last equality is derlved based on (1) obtaining
the value of the arithmetic series in the first term and (2)
obtaining the value of the arithmetico-geometric series in the
second term of the first equality. More details about the closed
forms of these two series can be found in [89]. O

E. Proof of Theorem 2

Proof. Since the main difference between PLAN and PLAN+
is the evaluation of Ap(.(q), the pseudocodes of these two
methods are the same (i.e., Algorithm 2). Moreover, this proof
is similar to the proof of Theorem 1 except that the time
complexity of line 9 to line 13 (based on Lemma 5) is

e)| 1P|
Mlo ( )) <o(MmiENog (7))
(Z Ellog { 371z
Hence, we conclude that the time complexity of PLAN+ is

(\E|TSP+LM|E“0g(A‘4]\JP|J\)) H

and
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