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Abstract

Product Kernel Density Visualization (product KDV) has been
widely used in various fields, including urban planning, epidemiol-
ogy, traffic science, and crime science. However, product KDV is a
time-consuming tool, which does not scale to support large-scale
location datasets and high resolution sizes. Even worse, there is a
lack of research studies for handling this tool. To tackle the effi-
ciency issues of product KDV, we first develop the new indexing
structure, called MAtrix of Search Space (MASS), and then develop
two complexity-reduced methods, called MASScR (the basic ver-
sion) and MASSept (the advanced version). Note that MASSopr
is the first optimal solution (with O(XY + n) time) for generat-
ing exact product KDV, i.e., there will be no exact solution with
the lower time complexity for supporting this tool in the future.
Experimental results with four large-scale location datasets (up
to 37.4 million data points) verify that our methods can achieve
3.08x to 135.31x speedups compared with existing methods for sup-
porting this tool. The implementation of all methods can be found
in https://github.com/YovelaZ/product_KDV/.
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1 Introduction

Heatmap [11] is an important tool for visualizing spatial data.
Among most of the tools, Kernel Density Visualization (KDV) [18,
39] is a prevalent tool for heatmap generation that has been widely
adopted in different fields for spatial analysis, including urban
planning, epidemiology, traffic science, and crime science. Urban
planners [42, 44] adopt KDV to analyze mobility patterns of dif-
ferent geographical regions. Epidemiologists [20, 31] adopt KDV
to perform disease outbreak detection. Traffic experts [26, 35] and
crime researchers [33, 34] adopt KDV to discover traffic/traffic ac-
cident hotspots and crime hotspots, respectively, in different cities
and countries. Due to its wide range of applications, many software
suites can also support KDV. Some representative examples include
Scikit-learn [36], statsmodels [10], Scipy [8], QGIS [4], ArcGIS [6],
Deck.gl [7], and Seaborn [9].

To generate traditional KDVs [18] (see Figure 1b to Figure 1d)
for a location dataset P (see Figure 1a), we need to color each pixel
q based on computing the kernel density function Z)g(q) (using
the Epanechnikov kernel function as an example) for each pixel q.

_ 1 .
D;(q)zzw.{(l) Ld(qp)? ifd(qp)<b o

P otherwise

where w, d(q, p), and b represent the normalization constant, Eu-
clidean distance, and the bandwidth parameter, respectively. Note
that this bandwidth parameter can significantly affect the heatmap
visualization (see Figure 1b to Figure 1d).

However, one major drawback of using traditional KDV is that
this tool suffers from the time complexity of O(XYn), where X X Y
and n denote the resolution size and the number of location data
points (see the yellow points in Figure 1a). Hence, this tool is
not scalable to generate high-resolution heatmaps for a large-
scale location dataset. Although the state-of-the-art method, called
SLAM [18], can alleviate this efficiency issue, by successfully re-
ducing the time complexity of generating the traditional KDV from
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(a) San Francisco 311-call data points

(e) Product KDV
(by = 73m and by, = 73m)

(b) Traditional KDV (b = 80m)  (c) Traditional KDV (b = 95m)

Yue Zhong et al.

(d) Traditional KDV (b = 110m)

(f) Product KDV
(by = 88m and by, = 88m)

(g) Product KDV
(by = 103m and by, = 103m)

Figure 1: Generating traditional and product KDVs for the San Francisco 311-call location dataset.

Table 1: Theoretical results of exact methods for generating product KDV.

Method Time complexity Space complexity Ref. Remark
SLAM O(Y(X +n)) or O(X(Y +n)) O(XY +n) Section 2.2 (Modified from [18]) N/A
MASScr O((XY + n)log XY) (Theorem 1) O(XY + n) (Theorem 2) Section 3 and Section 8.1 N/A
MASSopT O(XY + n) (Theorem 3) O(XY + n) (Theorem 4) Section 4 and Section 8.1 Optimal

O(XYn) to O(Y (X +n))/O(X(Y + n)), the time complexity still de-
pends on either the Xn term or the Yn term. Therefore, this method
(1) can still be inefficient for large X X Y and large n and (2) can-
not achieve real-time performance (< 0.5 seconds) for supporting
exploratory/interactive heatmap visualization.

Recently, many domain experts [24, 25, 27, 29, 41, 43] propose
to generate KDV by multiplying a kernel function along each axis
(a.k.a. product KDV), where the kernel density function Dp(q)
(with the Epanechnikov kernel function as an example) is repre-
sented as follows.

Dp(q) =) w-

pepP

1- éd(qx,Px)Z ifd(qu px) < by
otherwise

1- Ld(qu.py)? ifd(qupy) <b
{ b ((Iy Py) (Qy Py) y @)

0 otherwise

Here, by and b, denote the bandwidth parameters along the x-
axis and y-axis, respectively, and q, (px) and q, (p,) denote the
x-coordinate and y-coordinate of the pixel q (the data point p),
respectively.

Compared with traditional KDVs (see Figure 1b to Figure 1d), we
can observe that the corresponding product KDVs (see Figure 1e
to Figure 1g) can achieve similar heatmap visualizations no matter
which bandwidth parameter b of the traditional KDV we adopt.!
However, unlike traditional KDV, there is a lack of fast algorithms
for improving the efficiency of generating product KDV, which

!More visualization results can be found in the supplementary material (Section 1
in [49]).

still takes the time complexity of O(XYn). Although we can simply
extend SLAM [18] for reducing the time complexity of generating
product KDV from O(XYn) to O(Y(X + n))/O(X(Y + n)) (will be
discussed in Section 2.2), there is no obvious benefit for using the
product KDV.
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(a) Traditional KDV

(b) Product KDV

Figure 2: The search space between the traditional KDV and
the product KDV.

In this paper, we have the following observation. Note that
D;(q) (see Equation 1) depends on the circular search space
{p € P:d(q,p) < b} (see Figure 2a), while Dp(q) (see Equation 2)
depends on the rectangular search space {p € P : d(qx,px) <
by and d(qy, py) < by} (see Figure 2b). With this major difference,
we ask a question. Can we develop a new solution that can further
reduce the time complexity for supporting product KDV? To pro-
vide a certain answer to this question, we develop a new index
structure, called MAtrix of Search Space (MASS), and augment
some information for this structure. Based on MASS, we further
develop a new method, called MASScr, which significantly reduces
the time complexity to O((XY + n) log XY). By further incorpo-
rating the new interval decomposition approach into MASScg, we
establish the complexity-optimal method, called MASSopt, which
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only takes O(XY + n) time for generating product KDV. Table 1
summarizes the theoretical results of all methods. Due to the opti-
mality of MASSopr, there will be no other solution that can
achieve theoretically lower time complexity compared with
this method. Experimental results on four large-scale location
datasets (up to 37 million data points) verify that our methods can
achieve 3.08x to 135.31x speedups compared with existing methods.
Our case study also shows that product KDV (with MASSopr)
can achieve real-time performance (< 0.5 seconds) for the
London crime dataset [2] (with 4.346 million data points),
while traditional KDV (with SLAM) can no longer achieve
this performance.

This paper is structured as follows. We first discuss the prelimi-
naries in Section 2. Then, we illustrate our methods, called MASScg
and MASSopr, in Section 3 and Section 4, respectively. After that,
we present the experiments in Section 5. Then, we provide the
literature review in Section 6. Lastly, we conclude this paper in
Section 7. Appendix can be found in Section 8.

2 Preliminaries

In this section, we first formally define the problem of product KDV
in Section 2.1. Then, we extend the state-of-the-art traditional KDV
solution, called SLAM [18], for solving this problem in Section 2.2.

2.1 Problem Statement

Recall that we need to color each pixel q based on the product
kernel density function Dp(q) in order to generate a product KDV
(e.g., Figure 1e to Figure 1g) based on location data points (e.g.,
Figure 1a), which is formally defined in Problem 1.

PrOBLEM 1. Given a resolution size X X Y, a location dataset
P = {p1,p2, ... Pn} With size n, we need to color each pixel q by
computing the product kernel density function Dp(q), where

Dp(q) = ) W+ Kp, (g, Px) - Kb, (qy Py) ®)
pepP
where K, (qx, px) and Ky, (qy, py) denote the kernel function along
the x-axis with the bandwidth value b, and the kernel function along
the y-axis with the bandwidth value b, respectively. Some widely
used kernel functions can be found in Table 2.2

Table 2: Some widely used kernel functions, where g, p, and
b can be q, or q,, px or py, and b, or by, respectively.

Kernel Ky(q.p) Ref.
L ifd(g,p) <b
Uniform p ifdlg p) - [27, 40]
0 otherwise
1- 14 if d <b
Triangular { pd(@.p) i (q’p.) - [28, 32]
0 otherwise
1- 4d 2 ifd(qp)<b
Epanechnikov { pdlap)” ifd(g p) [24, 27]
0 otherwise

In this paper, we mainly focus on the commonly used Epanech-
nikov kernel function (see Equation 2). Those techniques for sup-
porting other kernel functions will be discussed in Section 8.1.

2The problem studied in this paper applies only to polynomial kernels, such as those
listed in Table 2.
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2.2 A State-of-the-art Solution: SLAM

Here, we discuss how to extend SLAM [18] for generating the
product KDV. Consider computing Dp(q) (see Equation 2) for a
row of X red pixels (see Figure 3a), i.e., q(yl) = q(yz) =..= q(yx) =k.
Observe from Equation 2 that only those data points p (i.e., all white
circles, which are p(l), p(z),..., p(g) in Figure 3a) with d(k, py) =
|k — pyl < by can possibly contribute to Dp(q). Therefore, SLAM
first retains those data points p in P that are within the envelope
|k = pyl < by (covered by the pink dashed lines in Figure 3a). Since
Dp(q) also has the constraint d(qy, px) < bx (see Equation 2), we
note that those data points p inside the envelope with py—by < qx <
Px + bx can contribute to Dp(q). As such, SLAM then maintains
the interval [px — by, px + bx] for each data point p (see those blue
intervals in Figure 3b) and converts the computation of Dp(q)
for a row of pixels q to solving the interval stabbing problem. By
adopting the sweep line approach (see ¢ in Figure 3b), SLAM takes
O(X + n) time for computing Dp(q) for a row of pixels. Hence,
the time complexity of SLAM for generating the product KDV is
O(Y(X + n)) (or O(X(Y + n)) if we consider a column of pixels).

——m————— 5 -(-2)--;---.-; ------------------- -;--8-..--_
(O i @ (D y i Q)
. (.) ssccce (6): . (.)
2 H o
@ 7 ) ©) %) o)
e e
(a) Computing () for a row of pixels .
@ @ (-n O
2 . .
g . @ :
1 i@ -
! —F—i—> ©) I ®)
| ¢———o——ip n; E————>
i D oy o>
! - ® —o—i> |
[t (6) H H

(b) Solving the interval stabbing problem.

Figure 3: Computing Dp(q) for a row of pixels q is equivalent
to solving the interval stabbing problem.

3 MASScr: A Complexity-Reduced Solution

In this section, we first discuss the representation of the product
kernel density function Dp(q) in Section 3.1. Then, we construct
the index structure, called MAtrix of Search Space (MASS), in Sec-
tion 3.2. Next, we discuss how to augment some information for
MASS in Section 3.3. After that, we construct the prefix matrices for
MASS and discuss how these matrices can be adopted for efficiently
evaluating Dp(q) in Section 3.4. Lastly, we illustrate our solution,
MASScgR, based on the above concepts in Section 3.5.

3.1 Representation of Dp(q)

Observe from Equation 2 that only those data points p that are
within the search space S(q) (see Figure 2b), as formally stated in
Equation 4, can contribute to Dp(q).

S(q) ={p € P:d(qx,px) < by and d(qy,py) < by}  (4)

Hence, we have
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(a) A 3 x 3-resolution plane

Figure 4: Construction of the index structure, called the matri

(b) Search space for each pixel

(c) Construction of a 5 X 5-matrix of search space

x of search space (MASS), for a 3 x 3-resolution plane, where q(*%),

q¥, and q*¥) denote the pixel with the u'® row and the v'* column, any pixel in the 4" row, and any pixel in the v'? column,
respectively. As an example, the pink rectangle and the blue rectangle denote the search space S(q*») and the search space

S(q®?), respectively.

(3%
q, + by .......... o , ........ , ..... . ........ ,

2%
ay

)+ by}

ot
¢ :
OF & O O O &F
Figure 5: Augment the polynomial terms T}EEZ)) (0<i<2and

points p that are inside the entry e. For example, the entry e with the position (2, 2) for

Dp(q)
1 2 1 2
= Z w - (l - b_zd(qx’Px) ) : (1 - b—zd(Qy,Py) )
p<eS(q) x Yy
2 q; 2 q; 1 q;
) B (- By 2o B
bz by q b by, ! b by, q
+ &(1 _ &Z)T(O,l) 44xqy (1,1 _ 2qy 72D
b%/ b2 S(q) b;zcbf, S(q) b)Zcbe S(q)
1 ( qi) 02) 29x (12) (2:2)
- —=(1- =17 - )4 T.” (5)
be b)Zc S(q) bJZCbe S(q) bibi S(q)
where each T/ (0 <i<2and0 < j < 2)denotes the polynomial

S(q)
term (see Equation 6) which only depends on those data points in

the dataset P that are inside the search space S(q).

(Lj) _ i J
Tg(q) - Z w- p;py (6)
pes(q)
Therefore, this work aims to efficiently obtain Tg(i’qj)) for each pixel

q in order to efficiently compute Dp(q).

3.2 Construction of MASS

Observe from Figure 2b that the search space for this pixel q is the
rectangular region [qx — bx, qx + bx][qy — by, qy + by]. Therefore,
by considering the search space for each pixel q(*?) in Figure 4a,
e.g., S(q®) (the pink rectangle) and S(q®) (the blue rectangle)

T(OIO) ”4'
P -~ s[2]ofo]o]1
Totey \ 4ol1]o[1]0
: N, 3|ofoJofolo
: v, 2[o]4]ofoT0
Toes) SotLefojojoft
i 1 2 3 4 5
Toe) (withw = 1)

0 < j < 2) for each entry ¢, where P(e) denotes those white data

(0,0)
TP(e)

in Figure 4b, we can construct the matrix of search space, i.e., MASS
(see Figure 4c). In Lemma 1, we formally state that we can construct
a (2X-1)x(2Y—-1) MASS for a (X x Y)-resolution plane in O(XY)
time. The proof of this lemma can be found in Section 2.1 of [49].

(with w = 1) stores the value 4.

LEmMA 1. Given a resolution size X X Y, a bandwidth parameter
(along the x-axis) by, and a bandwidth parameter (along the y-axis)
by, we can construct the corresponding MASS with (2X —1) x (2Y - 1)
entries in O(XY) time.

3.3 Augmentation for MASS

Recall that we need to efficiently evaluate Ts((i’({))
in order to efficiently evaluate Dp(q) (see Equation 5). Therefore,
Tlgz:)) (see
Equation 7), where 0 < i < 2and 0 < j < 2, for each entry e of
Tito-

(see Equation 6)
we aim to maintain the augmented polynomial terms

MASS so that we can use them to efficiently compute
D wepkpy

peP(e)

where P(e) denotes the set of data points inside the entry e.
(i.4)

Trie)

entry e of MASS. Initially, we set the polynomial terms Tp(z’ej )) , where

0<i<2and0 < j < 2, for each entry e to be 0. Consider each data

point p in the dataset P. We need to utilize the binary search method

along the x-axis and the y-axis to identify the correct entry e. Then,

(i.j) _
TP(e) -

)

Figure 5 shows an example for how we augment in each

we can update this entry e by adding w - p’, - p{/ for maintaining
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(i.j)
TP(e) -
time complexity of augmenting the polynomial terms T;Eej)) for each

each value of (see Equation 7). In Lemma 2, we state that the

entry e with respect to all data points p in P is O(XY + nlog XY)
time. The proof of this lemma can be found in Section 2.2 of [49].

LEMMA 2. Given a location dataset P = {p1,pa,...Pn} and an
index structure MASS, augmenting the polynomial terms Tlgzé’)) for
each entry e with respect to all data pointsp in P is O(XY +nlog XY)

time.

3.4 Prefix Matrices for MASS

Once we have augmented T;zej ; for MASS, we can compute Ts((i:]j))
(see Equation 6) based on Equation 8.
(L)) _ (i)
L= 2 T ®

e:P(e)CS(q)

Since the search space S(q) forms the rectangular region, all those
entries e with P(e) C S(q) must also form the rectangular region.
Using the search space S(q??)) (see the pink rectangles in Figures 4
and 5) as an example, this search space covers all entries in the

pink rectangular region. Hence, we can conclude that computing

(i.j)
TS(q) -
matrix (i.e., MASS with T;l‘e] )) with any rectangular region.

(see Equation 8) is equivalent to counting numbers in a

Note that this problem can be solved efficiently based on the
prefix matrix structure [30]. Using Figure 6b as an example, this is
the prefix matrix for MASS with Tlﬁ‘()’e")’ (with w = 1) in Figure 6a.
Observe that the entry e with the index (u, v) of this prefix matrix
represents the count of all numbers from the entries with the indices
in the range [1, u][1,v] of MASS (with TP((();O)))' As an example, the
entry with the index (3, 2) that is colored in green in Figure 6b
stores the value 5 since the rectangle with the light blue outline in

Figure 6a covers the count value 1 + 0 + 0 + 0 + 4 + 0. With this

(0,0)
Ts)
S(q) by accessing at most four entries in the prefix matrix. As an

property, we can compute with any rectangular search space

Ts(zﬁ?zz))
need to first use the binary search method for searching, based
on S(q(zz)) in Figure 5, the correct indices, i.e., (4,4), (4,1), (1,4),
and (1, 1) in Figure 6, and then access the corresponding (yellow)
entries of the prefix matrix, where 7—1—1+1 = 6. Similar concepts
can be extended to other (i, j)-pairs.

example for computing in Figure 5, which is 6, we only

s512]0fofo)1] 513[8]8]9](ll
4(of1fof1]0] 4|1]6]6]7]8
310]0]0]J0JO0| 3|1 f5[5[5]6
2|10]4]0j0jO0| 2f1f5[S5I5]6
1|1]oJojo)1| 1f1f1f1]1]2
1 2 3 45 1 2 3 45
(a) TIE?:;) (with w = 1). (b) Prefix matrix for T;E?(;(;)~
Figure 6: An example of prefix matrix for MASS with the
polynomial term (%0 (with w = 1) in Figure 5, which can be

P(e)
extended to other (i, j)-pairs.

Here, we conclude in Lemma 3 that, given the index structure
(MASS), computing T;;:lj)) (including the construction of the prefix
matrices and accessing them) for all pixels q takes O(XY log XY)
time. The proof of this lemma can be found in Section 2.3 of [49].
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LEmMMA 3. Given an index structure, MASS, with augmented poly-
nomial terms TISE’E])) (see Equation 7), 0 < i < 2 c_zr_ldO <j<2 for
each entry e, the time complexity of computing TS((I’J))
for all pixels q and (i, j)-pairs is O(XY log XY).
3.5 Illustration of MASScr
Based on the discussion in Section 3.1 to Section 3.4, we present
the pseudocode of our MASS-based complexity-reduced solution,
called MASScg, in Algorithm 1.

(see Equation 8)

Algorithm 1 MASS-based Complexity-Reduced Solution (MASScRr)

1: procedure MASScr(Point set P = {p1, p2, ..., Pn}, resolution
size X X Y)

2 Create the pixel plane P with X X Y pixels.

3 Construct MASS M with size (2X — 1) X (2Y — 1).

4 Augment M with T;zej )) for each entry e and (i, j)-pair.

5: Construct the prefix matrices for M with all (i, j)-pairs.

6: for each q € P do

7: Compute Ts((i;{)) with all (i, j)-pairs.

8: Compute Dp(q). > Color q in P.
9: Return P

Here, we conclude in Theorem 1 that the time complexity for
using MASScr to generate a product KDV is O((XY + n) log XY).
The proof of this theorem can be found in Section 2.4 of [49].

THEOREM 1. Given a resolution size X X Y and a location dataset
P = {p1,p2, -, Pn} With size n, the time complexity of MASScr for
generating a product KDV is O((XY + n) log XY).

In Theorem 2, we further state that the space complexity of
MASScr is O(XY + n), which is proved in Section 2.5 of [49].

THEOREM 2. Given a resolution size X X Y and a location dataset
P = {p1,p2, ... Pn} With size n, the space complexity of MASScg for
generating a product KDV is O(XY + n).

4 MASSopt: A Complexity-Optimal Solution

Although MASScr can achieve the lower time complexity for gen-
erating a product KDV, this solution requires the binary search
method for (1) finding the correct position of each data point in

)
entry e of MASS (see Figure 5a) and (2) finding the correct indices
of the prefix matrices based on the search space S(q) for each pixel
q (see the rectangles with pink outline in Figures 5 and 6), which
incurs the O(log XY) term for the time complexity (see Theorem 1).
However, the lower bound time complexity of generating a product
KDV is Q(XY + n) (as any algorithm needs to at least access all
data points and pixels once in order to obtain enough information).
Therefore, MASScg is still not an optimal solution. Here, we ask a
question. Is it possible to further modify MASScr by removing the
binary search method so that we can develop the optimal solution?
To provide a positive answer for this question, we first discuss the
core concept, called interval decomposition, in Section 4.1, and then
illustrate the optimal solution, MASSopr, in Section 4.2.

4.1 Interval Decomposition

Although MASS can exhibit the irregular sizes in different entries
(see Figure 4c), we show that it is still possible to get rid of the binary

order to maintain the augmented polynomial terms in each
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search method (i.e., use O(1) time) for identifying the correct entry
for each data point (e.g., each white data point in Figure 5a) and
finding the correct indices of the prefix matrices based on the search
space S(q) (see the rectangles with pink outline in Figures 5 and 6).

Here, we only consider finding the correct position along the
x-axis for each data point p. Similar ideas can be extended to y-axis
and finding the correct indices in the prefix matrices based on the
search space S(q). In Figure 7, observe that we can decompose all
intervals of search space along the x-axis into two sequences, (1)
(@Y = b, @ — by, .o, @) — by} (ice., red dashed lines) and (2)

(@ 4 by, 05 + by, . U + by} (ice., blue dashed lines).

X X 2 X
> P N
| c 1 1 :
] 1 1
(Ot (2)= (3):
1 1
! | !
W |
O} @} O]
: ] ol .
S 7 s N
> P &
(1) RN C) B )
i >
s s X N7 X N X
> P > A &

Figure 7: Decomposition of each black interval of search
space (or range) in the x-axis into the red dashed line and the
blue dashed line, where p, should be in the 3'4 entry of the
x-axis, which just passes through two red dashed lines and
one blue dashed line.

With this decomposition, we note that the data point p is in the
o' entry if p, just passes through the o black dashed line (see
Figure 7), regardless of which color (red or blue) those lines from 1
to a belong to. Therefore, we can obtain the correct index of the
entry by counting the number of red dashed lines and the
number of blue dashed lines that are passed through by p,
(see Figure 7). Since we also note that the difference between any

two consecutive pixels in the x-axis must have the same value, say

(Sx; (i.e., q,(;d) _q}(c*l) - q)(C*S) _q)(C*Z) - = q)(C*X) _q)(C*Xfl) — 5x); we

also know that the difference between any two consecutive values
of the sequence (1) or sequence (2) must also be Jx. Therefore, we
can use O(1) time to identify the correct index I of the entry in
the x-axis by adopting the following equation.

0).x)

,o),x) ©)

px — (V) —by)
5

. ( qpx—mi*”wx)
+ min | max 5—

I, = min ( max (

where the values 0 and 2X denote that those data points are not
inside any entry in MASS (see Figure 5a), which can be discarded.
4.2 Illustration of MASSopT

Based on the core concept of the interval decomposition, we con-
clude that the time complexity of augmenting the polynomial terms
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(i.j)
Te(e)
in the dataset P (see line 4 in Algorithm 1) can be reduced from

O(XY + nlog XY) (see Lemma 2) to O(XY + n) (see Lemma 4).

LEMMA 4. Given a location dataset P = {p1,pa,....pn} and an
index structure MASS, using the interval decomposition approach to
augment the polynomial terms Tlﬁ;ej)) for each entry e with respect to
all data pointsp in P is O(XY + n) time.

Furthermore, we can also conclude that the time complexity of
Tta
(i, j)-pairs can be reduced from O(XY log XY) (see Lemma 3) to
O(XY) (see Lemma 5), by omitting the binary search method, based

on the interval decomposition approach.

for each entry e in MASS with respect to all data points p

computing (see line 7 in Algorithm 1) for all pixels q and

LEMMA 5. Given an index structure, MASS, with augmented poly-

nomial terms T;Ee])) (see Equation 7),0 < i < 2 and 0 < j < 2, for each

entry e, the time complexity of computing 7))

S
the interval decomposition approach, for all p(i?c)els q and (i, j)-pairs
is O(XY).

With the above modifications, we can conclude in Theorem 3
that the time complexity of MASSppr is O(XY + n), which is the
same as the lower bound time complexity Q(XY + n) (i.e., achieves
the optimal solution).

, which is based on

THEOREM 3. Given a resolution size X X Y and a location dataset
P ={p1,p2, ..., pn} With size n, the time complexity of MASSopr for
generating a product KDV is O(XY + n).

Recall that the interval decomposition approach aims to adopt
some mathematical formula (e.g., Equation 9) to identify the correct
index of the entry in O(1) time, which does not construct any addi-
tional data structure. The space complexity of MASSppr remains
the same as MASScg, which is O(XY + n) (see Theorem 4).

THEOREM 4. Given a resolution size X X Y and a location dataset
P ={p1,p2, ..., pn} With size n, the space complexity of MASSopr for
generating a product KDV is O(XY + n).

5 Experimental Evaluation

In this section, we first discuss the experimental setup in Section 5.1.
Then, we present the time efficiency experiments and space effi-
ciency experiments in Section 5.2 and Section 5.3, respectively,
using the default Epanechnikov kernel. Lastly, we conduct a case
study to compare traditional KDV and product KDV using the Lon-
don crime dataset in Section 5.4. Experiments with other kernels
are presented in Section 8.2. Some additional experiments can also
be found in Section 3 of [49].

5.1 Experimental Setup

To conduct the efficiency experiments, we compare four existing
methods, namely SCAN, RQSkd, RQS;ange, and SLAM, with our
methods, namely MASScr (see Section 3) and MASSopr (see Sec-
tion 4). Note that SCAN is the naive method that does not provide
any optimization approach for computing the product kernel den-
sity function Dp(q) (see Equation 3). Both RQSiq and RQS ange,
which adopt the kd-tree [12] and the range-tree [21], respectively,
belong to the range-query-based approach for efficiently evaluat-
ing Dp(q). SLAM is the state-of-the-art KDV method [18] that is
extended to generate the product KDV (see Section 2.2).

3Since the New York taxi dataset is extremely large, we only retain those data points
from 1! January 2014 to 31 March 2014 that are within the Manhattan region.
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Table 3: Datasets.

Name n Category
London [2] 4,345,904 Crime events
San Francisco [5] 6,782,645 311 calls
Chicago [1] 8,059,584 Crime events

Manhattan [3]? 37,459,981 Taxi pickup locations

Table 3 summarizes four large-scale location datasets that are
used in our experiments. These datasets belong to three categories,
which are (1) crime events, (2) 311 calls, and (3) taxi pickup locations.
By default, we set the resolution size to be 1280 X 960 and utilize
the Scott’s rule [39] to choose the bandwidth parameter along the
x-axis by and the bandwidth parameter along the y-axis b,. All
methods were implemented in C++ and executed on an Intel i7
2.4 GHz PC with 16 GB memory. We measure the response time
(seconds) and the memory space consumption (MB) of each method
and do not report results for methods that take longer than 86,400
seconds or consume more than 16GB of RAM.

5.2 Time Efficiency Experiments

In this section, we conduct the following four experiments to test the
time efficiency of different methods using the Epanechnikov kernel.
As aremark, since the space consumption of RQSange exceeds 16GB
for the Manhattan dataset, we omit all results of RQS g in this
dataset. Due to space limitations, we only adopt two largest datasets,
Chicago and Manhattan, to conduct the experiments for varying the
bandwidth parameters b, and b, while additional experiments for
the London and San Francisco datasets are provided in Section 3.1
of [49].

Varying the resolution size. In this experiment, we choose 320 X
240, 640 X 480, 1280 x 960, and 2560 X 1920 as the resolution sizes for
testing the response time of each method. Figure 8 shows the results
of all methods. Observe that the larger the resolution size, the larger
the response time of each method. Since the time complexity of
MASScr is lower than the ones of the existing methods, this method
can achieve the speedups of 6.43x to 24.06x compared with them.
Furthermore, MASSppr (with the optimal time complexity) can
further achieve 1.68x to 2.06x speedups compared with MASScg.
Varying the dataset size. We proceed to investigate how the
dataset size affects the response time of each method. To conduct
this experiment, we first choose four sampling ratios, which are
0.25, 0.5, 0.75, and 1 (without sampling), and then randomly sample
the original dataset with these ratios to obtain the corresponding
reduced datasets. Figure 9 shows the response times of all methods
with respect to different reduced datasets. Since the time complexi-
ties of other methods (e.g., SLAM and SCAN) depend on the multi-
plication of n with other parameters of the resolution size linearly
(e.g., Xn/Yn for SLAM and XYn for SCAN), the response times of
these existing methods are sensitive to the parameter n. In contrast,
the time complexities of our methods, MASScr and MASSopr, ei-
ther depend on nlog XY or n solely. Therefore, our methods can
achieve 3.08x to 47.57x speedups compared with the existing meth-
ods in all datasets. In particular, the optimal method, MASSopr, can
achieve 1.79x to 2.04x speedups compared with MASScg.
Varying the bandwidth parameter b,. Here, we examine how
by affects the response time of each method. To conduct this ex-
periment, we first fix b, to be the default one and then vary b, by
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multiplying its default value with different ratios, including 0.25,
0.5, 1 (default one), 2, and 4. Figures 10a and b show the results of all
methods. Observe that the response times of RQSyq and RQS ange
are proportional to by. The main reason is that the larger the value
of by, the larger the search space (see Figure 2b), which indicates
that RQSyq and RQS;ange need to process more data points. Unlike
these methods, SCAN, SLAM, MASScg, and MASSopt do not de-
pend on by (e.g., MASS still has the size (2X — 1) x (2Y — 1) (see
Lemma 1) no matter which b, we choose.). Therefore, the response
times of these methods are insensitive to b,. With the lower time
complexities of MASScr and MASSopt, MASScr achieves 11.64x to
24.06x speedups over the existing methods. In addition, MASSopr
further achieves 1.85x to 2.07x speedups compared with MASScR.
Varying the bandwidth parameter b,. We further investigate
how b, affects the response time of each method by multiplying
its default value with different ratios, including 0.25, 0.5, 1 (default
one), 2, and 4, while we fix by to be the default one. Figures 10c
and d show the results of all methods. Unlike Figures 10a and b, the
response time of SLAM is sensitive to b, since a large b, results in
a large envelope (see Figure 3a), indicating that this method needs
to process more data points. Observe that the trends of response
times of other methods are similar to the ones of varying b, (based
on the similar reasons in Figures 10a and b). Note that our best
method, MASSopr, achieves 19.6x to 135.31x speedups compared
with the existing methods.

5.3 Space Efficiency Experiments

In this section, we examine the space consumption of each method
by conducting the following experiments. As the space consumption
of RQSange is more than 16GB for the Manhattan dataset, we omit
the results of RQS ang. in this dataset. Moreover, we also omit some
results of SCAN as the response times are more than 86,400 seconds.
Varying the resolution size. To conduct this experiment, we
choose four resolution sizes, which are 320x240, 640x480, 1280%x960,
and 2560 X 1920, for testing the memory spaces of all methods. Ob-
serve from Figure 11 that the larger the resolution sizes, the larger
the memory spaces of our methods, MASScr and MASSopr. The
main reason is that these two methods also need to maintain the
MASS structure (see Figure 4) and several prefix matrices with dif-
ferent polynomial terms (see Figure 6). However, note that the space
complexities of MASScr and MASSopt are also O(XY +n) (see The-
orem 2 and Theorem 4), which are the same as the lower bound
space complexity of the product KDV (i.e., Q(XY +n), as every algo-
rithm needs to store X X Y pixels and n data points). We can notice
that the memory space overheads of these two methods are not very
high compared with existing methods. As a remark, since RQS ange
needs to maintain multiple tree structures, this method consumes
the highest space consumptions compared with all methods.

Varying the dataset size. We proceed to investigate how the
dataset size affects the memory space consumptions of all methods.
In this experiment, we first sample each dataset with four ratios,
namely 0.25, 0.5, 0.75, and 1 (the original one), and then measure
the memory spaces of all methods for each reduced dataset. Ob-
serve from Figure 12 that the larger the dataset sizes, the larger
the memory spaces of all methods. With the optimal space com-
plexities of MASScr and MASSopr, our methods only have slightly
space overheads compared with existing methods. Moreover, our



KDD 126, August 09-13, 2026, Jeju Island, Republic of Korea

Yue Zhong et al.

SCAN X RQSy4 O RQS,, e + SLAM O MASScg ¢ MASSopr &
100000 . v 100000 : 100000 : 100000 T T
10000 ;// 1 10000 t// 1 10000
‘g 1000 F ‘g 1000 F Lo ‘g 1000
‘:’j ‘:’j 100 =g g ‘:’j 1008
£ £ £
= = E 104
1F 1
0.1 L . 0.1 . . 0.1 . . 0.1 L .
320x240 640x480 1280x960 2560x1920 320x240 640x480 1280x960 2560%1920 320x240 640x480 1280x9602560%1920 320x240 640x480 1280x960 2560x1920
Resolution Resolution esolution Resolution
(a) London (b) San Francisco (c) Chicago (d) Manhattan
Figure 8: Response times for computing the product KDV, varying the resolution size.
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Figure 10: Response times for computing the product KDV in the Chicago (a and c¢) and Manhattan (b and d) datasets, varying

the bandwidth parameters, b, (a and b) and b, (c and d).
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Figure 11: Memory space consumption (MB) for computing the product KDV, varying the resolution size.
10000 T T 10000 T T - 10000 T i p— 10000 T T
—_ S —_ B —_ T - —_
8 1000~ E 8 4 1000 4 8 1000
g g § f—a——t—§ =
n . n n g n
2 1008 g g 2 100k 4
£ £ £ £
[} [} (7} [}
= = = =
10 L L 10 o . 10 L . 10 L .
0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1 0.25 0.5 0.75 1
Dataset size (Ratio) Dataset size (Ratio) Dataset size (Ratio) Dataset size (Ratio)
(a) London (b) San Francisco (c) Chicago (d) Manhattan

Figure 12: Memory space consumption (MB) for computing the product KDV, varying the dataset size.

methods only need to maintain the MASS structure (and its prefix
matrices), which are not very sensitive to (or are more scalable with
respect to) the dataset size compared with the existing methods

(e.g., RQSyq and RQS ange)-

5.4 Case Study

In this section, we further perform the case study for comparing
the visual quality and the efficiency of using traditional KDV and
product KDV. In Figure 13, observe that product KDV achieves
similar visual quality compared with the traditional KDV.

However, as shown in Figure 14, product KDV (based on
MASSepr) can be much faster than traditional KDV (based on the
state-of-the-art method, SLAM). Observe that product KDV can still
achieve the real-time performance (< 0.5 seconds) even though we
choose the resolution size to be 320 X 240. This result indicates that
domain experts can perform exploratory operations (e.g., zoom-
in, zoom-out, and panning) for smoothly generating interactive
heatmaps. Unfortunately, traditional KDV cannot achieve this goal
even though we choose the resolution size to be 80 X 60.
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(a) Traditional KDV (b = 500m) (b) Product KDV

(by = 493m and b,, = 493m)
Figure 13: Generating the traditional KDV and the product
KDYV for the London crime dataset (with 4.346 million data
points) using the 320 X 240 resolution size.
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Figure 14: Response times for generating the traditional KDV
(with SLAM) and the product KDV (with MASSopT), varying
the resolution size.

6 Related Work

Although efficient algorithms of KDV has been extensively studied
in the literature, a lack of research studies, to the best of our knowl-
edge, has been proposed for improving the efficiency of generating
product KDV. Here, we review four camps of research studies in
KDV (mostly related to this work) and point out the weakness for
using (or extending) them for handling the product KDV.

Indexing approach. Recall from Figure 2 that only those data
points that are within the search space can contribute to the ker-
nel density function. Therefore, KDV can be regarded as solving
multiple range queries. Note that many indexing structures, includ-
ing kd-tree [12] and range-tree [21], can be used for solving range
queries, and thus can be adopted for generating KDV. Although
we have extended these indexing structures, RQSkg and RQS ange,
for solving the product KDV problem (see Section 5.1), the time
efficiency results of all these solutions are still significantly inferior
compared with MASScr and MASSopt (see Figures 8 to 10). The
main reason is that RQSyq and RQS, g are unable to reduce the
time complexity of solving the product KDV problem (imagine that
the bandwidth values, b, and b, are very large, these methods
need to access all data points for each pixel.). Furthermore, each of
these methods also needs to construct a tree structure for each loca-
tion dataset, which, therefore, suffers from relatively higher space
consumption compared with our methods, especially for RQS,ange.
Data sampling approach. Many data sampling methods [37, 38,
45-47] have been proposed for improving the efficiency of generat-
ing KDV. Although these methods can reduce the time complexity
for generating approximate KDV with a non-trivial probablistic
approximation guarantees using the kernel density function Dg (q)
(see Equation 1), it is still unknown whether these data sampling
methods can be extended to support the product kernel density
function Dp(q) (see Equation 2) with those theoretical results. Re-
cently, Zhong et al. [48] propose the data sampling (or compression)
method for supporting the more complex variant of KDV, called
spatiotemporal KDV. However, this method cannot reduce the time
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complexity for supporting this operation. Unlike these existing
methods, MASSopr is the first method that can achieve the optimal
time complexity for generating an exact product KDV.

Function approximation approach. Some researchers propose
to utilize some simple functions, e.g., linear function [17, 19] and
quadratic function [13], to approximate the more complicated ker-
nel functions in order to boost the efficiency of computing Dp(q).
However, these function approximation methods cannot achieve an
exact solution for generating KDV. Even worse, they cannot reduce
the worst-case time complexity. Therefore, we do not modify these
methods for generating product KDV.

Computational sharing approach. Recently, Chan et al. [14, 18]
propose two computational sharing methods to reduce the time
complexity for generating exact KDV (using Dp(q)). Among these
two methods, the sweep-line based method, SLAM [18], is the state-
of-the-art one that has the lowest time complexity. Although we can
extend SLAM to generate product KDV with the time complexity of
O(Y(X +n))/O(X(Y +n)) (see Section 2.2 and Table 1), this method
is still inferior compared with MASSopr (with the optimal time
complexity O(XY + n)). Hence, in practice, MASSopr can achieve
significant improvement compared with SLAM (see Section 5.2).

7 Conclusion
In this paper, we study the problem of Product Kernel Density Vi-
sualization (product KDV), which has been widely used in crime
science, traffic science, epidemiology, and urban planning. Like tra-
ditional KDV (based on Equation 1), product KDV is computation-
ally expensive, which is not scalable to large-scale location datasets
and large resolution sizes. However, unlike traditional KDV, a lack
of research studies, to the best of our knowledge, has been proposed
for handling the efficiency issues of product KDV. To overcome this
issue, we first propose the new indexing structure, called MAtrix
of Search Space (MASS) and then develop two efficient methods,
namely MASScr (the basic one) and MASSopr (the advanced one),
which can reduce the time complexities for generating product
KDV. Note that MASSopt further achieves O(XY + n) time, which
reaches the lower bound time complexity of generating product
KDV (i.e., Q(XY + n)), indicating that this method is optimal. Our
experimental results (based on four large-scale location datasets,
with up to 37.4 million data points) verify that our methods can
achieve 3.08x to 135.31x speedups compared with existing methods.
In the future, we will investigate whether some data sampling
methods (e.g., [45, 47, 48]) can be combined with our methods to
further reduce the time complexities and achieve non-trivial approx-
imation guarantees for supporting product KDV. Furthermore, we
will also extend our methods to improve the efficiency of other GIS
tools, e.g., DBSCAN [22, 23] and spatiotemporal KDV [15, 16, 48].
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8 Appendix
8.1 Other Kernels

In previous sections, we mainly focus on the Epanechnikov kernel
(see Equation 2). Here, we further investigate how to extend MASS
(see Section 3 and Section 4) to support other kernel functions in
Table 2, including the uniform kernel and the triangular kernel.


https://catalog.data.gov/dataset/crimes-2001-to-present
https://catalog.data.gov/dataset/crimes-2001-to-present
https://data.police.uk/data/
https://data.cityofnewyork.us/Transportation/2014-Yellow-Taxi-Trip-Data/gkne-dk5s
https://data.cityofnewyork.us/Transportation/2014-Yellow-Taxi-Trip-Data/gkne-dk5s
https://docs.qgis.org/2.18/en/docs/user_manual/plugins/plugins_heatmap. html
https://docs.qgis.org/2.18/en/docs/user_manual/plugins/plugins_heatmap. html
https://data.sfgov.org/City-Infrastructure/311-Cases/vw6y-z8j6
https://data.sfgov.org/City-Infrastructure/311-Cases/vw6y-z8j6
https://www.arcgis.com/index.html
https://deck.gl/
https://scipy.org/
https://seaborn.pydata.org/
https://www.statsmodels.org/stable/index.html
https://www.routledge.com/Spatial-Point-Patterns-Methodology-and-Applications-with-R/Baddeley-Rubak-Turner/9781482210200/
https://www.routledge.com/Spatial-Point-Patterns-Methodology-and-Applications-with-R/Baddeley-Rubak-Turner/9781482210200/
https://doi.org/10.1145/3318464.3380561
https://doi.org/10.1145/3318464.3380561
https://doi.org/10.1109/ICDE65448.2025.00015
https://doi.org/10.1109/TKDE.2020.3018376
https://doi.org/10.1145/3514221.3517823
https://doi.org/10.1109/ICDE.2019.00055
https://doi.org/10.1016/j.lana.2022.100231
https://www.worldcat.org/oclc/227584184
http://www.aaai.org/Library/KDD/1996/kdd96-037.php
http://www.aaai.org/Library/KDD/1996/kdd96-037.php
https://doi.org/10.1145/3083897
https://doi.org/10.1145/3083897
https://doi.org/10.1016/j.apgeog.2023.103151
https://doi.org/10.1016/j.apgeog.2023.103151
https://doi.org/10.1111/tgis.70051
https://doi.org/10.1111/tgis.70051
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1111/tgis.70051
https://doi.org/10.3390/s80603601
http://www.jstor.org/stable/24771835
https://doi.org/10.1145/253260.253274
https://doi.org/10.1145/253260.253274
https://doi.org/10.1145/2820783.2820817
https://doi.org/10.1111/risa.70018
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1111/risa.70018
https://doi.org/10.1016/j.aap.2025.108167
https://doi.org/10.1016/j.aap.2025.108167
https://doi.org/10.1137/1.9781611975031.173
https://doi.org/10.4230/LIPIcs.SoCG.2018.66
https://books.google.com.hk/books?id=7crCUS_F2ocC
https://doi.org/10.1016/j.spasta.2020.100487
https://doi.org/10.1016/j.spasta.2020.100487
https://doi.org/10.1016/j.jtrangeo.2025.104331
https://doi.org/10.18637/jss.v083.i04
https://doi.org/10.18637/jss.v083.i04
https://doi.org/10.1111/tgis.12750
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1111/tgis.12750
https://doi.org/10.1109/TBDATA.2019.2913655
https://doi.org/10.1145/2783258.2783357
https://doi.org/10.1145/2783258.2783357
https://github.com/YovelaZ/product_KDV/blob/main/supplementary_material.pdf
https://github.com/YovelaZ/product_KDV/blob/main/supplementary_material.pdf

MASS: A Complexity-Optimal Solution for Product Kernel Density Visualization

Uniform kernel. Consider the uniform kernel in the product kernel
density function Dp(q) (see Equation 3). We have

1 1
DP(q) — ZW . {bx 1fd(qx,Px) < by ) {by

oep 0 otherwise

ifd(qy, py) < by

0 otherwise

By adopting the concept of Section 3.1, we can represent Dp(q) by
the following expression.

1
Dp(q) = —rgf;; (10)

Hence, those techniques in MASScr and MASSopr can be directly
extended to support the generation of product KDV with this Dp(q)
(see Equation 10).

Triangular kernel. Consider the triangular kernel in the product
kernel density function Dp(q) (see Equation 3). We have

1- ¢ d(qx,px) ifd(qx, px) < bx
Dp(q) = § . bx
p(q) w {0

P otherwise

0 otherwise

' {1 ~ d(Qy.py)  ifd(Qy.py) < by

Based on Equation 4, we can further represent Dp(q) based on the
following expression.

Dp(@ = Y we(1-5-d@ep) - (1- 5-d(aypy)
pes(q) * v

Unlike d(qx, px)? and d(qy, py)? (i.e., the square value of each Fu-
clidean distance function) in Equation 5, which can be easily ex-
panded based on simple mathematical operations, it is compara-
tively difficult to expand d(qy, px) and d(qy, py), respectively.

Px f Ax Px IZ A
mm—— v I
Su(q) Si(@) irpy2qy
..................... ‘q.,..
Su(q) S (q) - Py <4qy

Figure 15: The search space S(q) can be further divided into
four subspaces, which are S;(q), Su(q), Sm(q), and Siv(q), us-
ing the pixel q as the center.

To handle this issue, observe from Figure 15 that we divide the
search space S(q) into four subspaces, namely Si(q), Su(q), Sm(q),
and Siv(q), where

S1(q) = {p € S(q) : px 2 qx and py > q,} (11)
Su(q) = {p €S(q) : px < qr and py > qy} (12)
Sm(q) = {p € S(q) : px < qx and p, < qy} (13)

Siv(q) = {p €5(q) : px 2 qx and py < q} (14)
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Hence, we can further express Dp(q) based on the above four

subspaces.
Dr(q) = Peéq)w (1= 5= a0) - (1= -2y~ )
+ Peéq)w (1-5-(ar=p0)- (1 py-y)

+ Peéq)w(l—i(qx p)) (1 )

- peszwl(q) we (1= e = a0) - (1= - (0, b))

Based on some simple mathematical derivations, we have

_ Qx 9y \(0,0) 1( 2) (1,0)
Dp(q) = (1+ bx)(l+ b, )Tsl(q) b 1+ b, T
1 9x \(0,1) (1,1)
B by(” by i + b b s
_ I )\ (00) 1( ﬂ) (1,0)
* (1 bx)(l+ by)T @ 5 1t g, ) e

1 Qx| 1(0.1) T ~an
B by (1 B bx)TSII(q) h byby TSII((])

_ 9%\ (; _ 9\ ;00 1( _%) (1,0)
* (l )(l by)TSHI(Q) by 1 by TSHI(q)

1 Qx \~(0,1) 1
* (1 - )TSIII(‘I) bxbyTSm(q)

RS _%) 0o _ 1 9y\p0
+ (1)1 b, )o@ bx(l )t

by Sv(q)
214 &\ T ~an
" by( o~ 5 b, o)

where T( denotes the polynomial term (similar to Equation 6),
where 0 < 1 < 1land 0 < j < 1, that depends on the subspace S,

(where r can be I, I1, III, or IV).

q§,3*) + b

a5

q§/3*) bt

q(l*) + by

@9
-ty

@
00— b

@0
& & O O O O
Figure 16: Modification of MASS, by adding X dotted lines
in the x-axis and Y dotted lines in the y-axis, for supporting
the triangular kernel, where the yellow, orange, grey, and
green regions denote the subspaces S;(qaz2), Su(qzz2), Sm(q22),
and Syv(qqz), respectively.

In order to efficiently evaluate each TS(i’(]g), we need to modify
the MASS structure by adding X dotted lines in the x-axis and Y
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Figure 17: Response times for computing the product KDV with the uniform kernel function in the Chicago and Manhattan
datasets, varying the bandwidth parameters, b, (a and b) and b, (c and d).
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Figure 18: Response times for computing the product KDV with the triangular kernel function in the Chicago and Manhattan
datasets, varying the bandwidth parameters, b, (a and b) and b, (c and d).

dotted lines in the y-axis (based on the concept of search space
division in Figure 15). Hence, this new MASS structure contains
(3X — 1) X (3Y — 1) entries. Note that all techniques from Sec-
tion 3.3 to Section 3.5 can be extended to compute each T.g(,i)(j(i)' The
main difference is that we only need to handle four rectangular re-
gions (instead of one rectangular region) for computing Dp(q) (e.g.,
handle the yellow, orange, grey, and green regions for computing
Dp(qz2) with the pixel qg, in Figure 16). Therefore, we conclude
that MASScg still takes O((XY + n) log XY) time and O(XY + n)
space for generating a product KDV using the triangular kernel
function, i.e., Theorem 1 and Theorem 2 hold, respectively. Further-
more, since all those pink dashed lines on the x-axis also exhibit
the sequence {q,(c*l), q,(c*z), q,(fx>} and the difference between any
two consecutive pixels along the x-axis must have the same value
Jx, we conclude that we can use O(1) time to count the number
of pink dashed lines that are passed through by any data point
or pixel. Hence, we can easily extend the interval decomposition
approach (see Section 4.1), and thus MASSopr (see Section 4.2), for
supporting the triangular kernel with the same time complexity
(i.e., O(XY + n) time in Theorem 3) and the same space complexity
(i.e., O(XY + n) space in Theorem 4).

8.2 Experiments with Other Kernels

In this section, we proceed to investigate the time efficiency of
computing the product KDV with other kernels, including the uni-
form kernel and the triangular kernel (see Table 2). To conduct the
experiments, we follow the same settings in Section 5.2 for varying
the bandwidth parameter b, and the bandwidth parameter b, for
testing the time efficiency. Additional time efficiency experiments
with other kernels can be found in Section 3.2 of [49].

Uniform kernel. Figures 17a and b show the results of all meth-
ods by varying by. Note that we can seamlessly reuse all methods
(without significant modifications and processing overheads) to
support the uniform kernel function. The trends of response times
in Figures 17a and b are similar to the ones of Figures 10a and b.

However, since MASScr and MASSopr only need to maintain a sin-
T;(()’EO)) (based on Equation 10) for each entry e of the MASS
structure (instead of nine terms for the Epanechnikov kernel in
Figure 5), the response times of these two methods are smaller than
the ones of the Epanechnikov kernel. With the lower time complex-
ities of MASScr and MASSopt, we can observe that MASScg can
achieve 10.62x to 12.58x speedups compared with all existing meth-
ods. Moreover, MASSopr further achieves 2.57x to 2.87x speedups
compared with MASScg.

Figures 17c and d further show the results of all methods by

varying b,. Based on the similar reasons for the experiment of
varying b, we can observe that (1) the trends of response times
in Figures 17c and d are also similar to Figures 10c and d and
(2) MASScr and MASSopr can achieve 10.63x to 34.26x speedups
compared with all existing methods.
Triangular kernel. Figures 18a and b show the results of all meth-
ods by varying by. Since SLAM cannot support the triangular kernel,
we do not include this method for comparison. Furthermore, the
space consumption of RQS g is more than 16GB in the Manhattan
dataset. Therefore, the results of this method are also omitted in
this dataset. Like the results of the Epanechnikov kernel (and the
uniform kernel), the trends of response times in Figures 18a and b
are similar to the ones of Figures 10a and b (Figures 17a and b).
Although MASScr and MASSopr need to maintain a larger MASS
structure for the triangular kernel (see Figure 16), they still achieve
7.46x to 424.2x speedups over existing methods due to their lower
time complexities.

Figures 18c and d further show the response times of all methods
by varying b,. Based on the similar reasons in the experiment of
varying by, we note that the trends of response times in Figures 18c
and d are similar to the ones of Figures 10c and d (Epanechnikov
kernel) and Figures 17c and d (uniform kernel). In addition, MASScr
and MASSopr can still achieve 9.06x to 383.64x speedups compared
with the existing methods.

gle term
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