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Abstract

The spatiotemporal network K-function is used widely in di-
verse domains, e.g., transportation science, criminology, and social
science, for analyzing spatiotemporal point patterns in location
datasets. Domain experts calculate multiple spatiotemporal network
K-functions, considering different spatial and temporal thresholds,
to generate a spatiotemporal network K-function plot. However,
generating this plot is computationally expensive and does not scale
to large-scale location datasets. To address this shortcoming, we pro-
pose two novel methods, called edge augmentation with range-tree
(EAR) and multi-threshold sharing (MTS), that reduce the time com-
plexity for computing a spatiotemporal network K-function and
generating the corresponding plot. By wisely combining these two
methods, our new approach, EARTH, achieves the lowest time com-
plexity for generating a spatiotemporal network K-function plot. Ex-
perimental results based on four large-scale location datasets show
that the new methods enable speedups ranging from 2.26x to 19.04x
over the state-of-the-art solutions. The implementation of this paper
can be found in https://github.com/edisonchan2013928/EARTH.
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1 Introduction

Point pattern analysis is fundamental functionality in spatial data
science/spatial data mining [14, 49]. The network K-function [14, 23,
54] (illustrated in Figure 1), which is one of the tools in point pattern
analysis, is used to determine which property, namely clustered (see
Figure 1a) or dispersed (see Figure 1b), a location dataset exhibits
with respect to different spatial thresholds in a road network. This
tool is used extensively in diverse domains, including transportation
science [12, 17, 35, 44, 51, 63, 65, 70], criminology [13, 43, 48, 55,
57], and social science [16, 34, 37, 52, 53, 58, 60, 61]. Due to its
widespread use, it is supported by prominent software suites such as
QGIS/ArcGIS [1, 5] (based on the SANET plugin [7]), spNetwork [9]
(an R-package), and NetPointLib [42] (a python package).
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Figure 1: The network K-function counts the number of data
points (excluding itself) within a threshold s of each data
point (e.g.,2+ 2+ 2+ 0 = 6 in a and 0 in b) and determines
whether the dataset is clustered (with a large count value) or
dispersed (with a small count value) with respect to s.
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However, the network K-function has a significant drawback
in which it does not consider the occurrence time of each location
data point. As such, its use can potentially yield misleading results.
Figure 2 shows an example of two location datasets. As spatial
distributions are the same, the two datasets have the same network
K-function value (i.e., 6). Despite this, those blue data points have
similar event time, which indicates that the cluster is formed in this
region. In contrast, the event time of red data points is far from
each other, which can be the occasional (random) cases.
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Figure 2: Two location datasets with the same spatial distri-
bution and different temporal distributions.

Recognizing this limitation, domain experts [13, 51] have em-
phasized the importance of incorporating the time information
into the K-function-based analysis. As an example, Moradi et al.
[51] state that “... taking the time component into account when
analyzing point patterns on networks becomes an important and
crucial aspect in the statistical analysis.”.

One approach to overcome this limitation is to use the spatiotem-
poral network K-function [29, 31-33, 50, 51, 64]. This tool counts
the number of data points that are simultaneously within a spatial
threshold s and temporal threshold ¢ of each data point. To analyze
a dataset P, domain experts first specify M spatial thresholds, sy,
S2,...» SM, and T temporal thresholds, t1, t3,..., tr, and generate L
random datasets with the same size as P (using Monte Carlo simula-
tion [64]). Then, they compute spatiotemporal network K-function
values for the L + 1 datasets with respect to each (s4, t3)-pair, where
1<a<Mand1< f <T,in order to generate a spatiotemporal
network K-function plot. Figure 3 shows such a plot for the large-
scale New York traffic accident dataset [3] with (1) M = 7 spatial
thresholds (200m to 1400m), (2) T = 8 temporal thresholds (3 days
to 17 days), and (3) L = 7 randomly generated datasets. The green
surface shows the spatiotemporal network K-function values for
the original dataset, while the red and yellow surfaces denote the
minimum and maximum spatiotemporal network K-function val-
ues, respectively, for the L randomly generated datasets. Once the
green surface is above the yellow surface, this dataset tends to be
clustered with respect to those (sq, tg)-pairs (e.g., the dataset tends
to have meaningful clusters/hotspots with larger spatial thresholds
and smaller temporal thresholds.). On the other hand, the dataset
tends to be dispersed once the green surface is below the red surface.

However, spatiotemporal network K-function is a time-
consuming tool. Given a location dataset with 100,000 data points
in a road network, a naive approach for using this tool can take at
least ten billion operations (100, 000 X 100, 000). Hence, this tool
does not scale to support even moderate-scale datasets, let alone to
generate a spatiotemporal network K-function plot. This raises the
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Spatiotemporal network K-function

Figure 3: A spatiotemporal network K-function plot.

key question of whether it is possible to reduce the time complexity
and improve the practical efficiency of computing a spatiotemporal
network K-function and generating a plot. To address this issue, we
have the following contributions.

e We have established the connection between the spatiotem-
poral network K-function and the orthogonal range counting
problem (see Figures 5 and 6) [10, 28]. Based on this connec-
tion, we develop the Edge Augmentation with Range-tree
(EAR) method, which constructs the range-tree index struc-
ture for each edge in a road network so that it can reduce
the time complexity for computing a spatiotemporal
network K-function and generating its plot (see Ta-
ble 1).

o Note that generating a spatiotemporal network K-function
plot involves the computation of spatiotemporal network
K-functions for each dataset with multiple (i.e., M) spatial
thresholds and multiple (i.e., T) temporal thresholds (i.e.,
solving multiple orthogonal range counting problems). By
observing that solving multiple orthogonal range counting
problems is equivalent to counting data points within the
2T X M grids (see Figure 8a) or 2T x 1 grids (see Figure 8b), we
develop the Multi-Threshold Sharing (MTS) method, which
constructs the prefix-count arrays for each edge in a road
network, so that it can reduce the time complexity for
generating a spatiotemporal network K-function plot
(see Table 1).

e We have further developed a unified approach, called EARTH,
that selects either the range-tree (from EAR) or the prefix-
count array (from MTS) on each edge for each dataset (L + 1
datasets in total) in a road network. Our theoretical results
show that EARTH can achieve the lowest time com-
plexity for generating a spatiotemporal network K-
function plot (see Table 1).

e We have conducted extensive experiments (with four large-
scale location datasets) to verify that our methods can
achieve speedups ranging from 2.26x to 19.04x over
the state-of-the-art solutions.

The rest of the paper is organized as follows. We first review
related work in Section 2. Then, we discuss the preliminaries in
Section 3. Next, we present our methods in Section 4. After that,
we provide the experimental evaluation in Section 5. Finally, we
conclude our paper in Section 6. Appendix is in Section 7.
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Table 1: Theoretical results of different exact methods for computing a spatiotemporal network K-function and generating
a spatiotemporal network K-function plot, where n, |E|, L, M, T, 7sp, and Ssp denote the number of data points, the number
of edges, the number of random datasets, the number of spatial thresholds, the number of temporal thresholds, the time
complexity of the shortest path algorithm, and the space complexity of the shortest path algorithm, respectively.

l Problem [ Method [ Time complexity [ Space complexity ]
ROS [54] O(n(7sp + 1))
Spatiotemporal SPS [55] O(IE[Tsp + 1%) O(Ssp +n)
metwork K-function| . O(Ssp + 1)
O(|E +n|E|log (%) + nl
EAR (Section 4.1) (IE|Tsp + n|E| log (IE\) nlogn) (Section 4.4)
ROS [54] O(LMTn(Tsp + 1))
Spatiotemporal SPS [55] O(LMT(|E|Tp + %)) O(Ssp +Ln+LMT)
network K-function| EAR (Section 4.1) O(IE|Tsp + LMTn|E|log (ﬁ) + Lnlogn) O(Ssp + Ln + LMT)
plot MTS (Section 4.2) O(E|sp + Ln? + LMTn|E])

(Section 4.4)

EARTH (Section 4.3)O(|E| Tsp + min (LMTn|E|log (ﬁ) + Lnlog n, Ln? + LMTn|E]))

2 Related Work

We review three lines of research that are related to this work.
Efficient algorithms for network K -function: Several research
studies, including the range-query-based solution (RQS) [54, 62] and
the shortest path sharing solution (SPS) [55], have been proposed
to improve the efficiency for computing a network K-function.
These solutions can also be extended to solve our problems (will
be discussed in Section 3.2). However, since RQS and SPS exhibit
high time complexities, these solutions are still computationally
expensive. Recently, Chan et al. [23] propose two representative
methods, called count augmentation (CA) and neighbor sharing
(NS), for reducing the time complexity of computing a network K-
function. Since CA and NS do not consider the temporal component
of data points, they cannot be used for computing a spatiotemporal
network K-function. Consider Figure 4 as an example. Even though
the red and blue data points are consecutive on the edge € = (a, ),
only the set of middle and rightmost black data points and the
set of leftmost and rightmost black data points on the edge e =
(u,v) can contribute to the spatiotemporal network K-function
(with t = 5 days), indicating that these sets do not exhibit (1) the
continuity property (e.g., the middle black data point is missing for
contributing to the spatiotemporal network K-function with respect
to the blue data point) and (2) the sharing property (e.g., the leftmost
black data point is not simultaneously in both sets), which are the
prerequisites for using CA and NS, respectively. Furthermore, since
every data point has its own timestamp, we cannot simply combine
the time-range filtering approach with these methods (as we need
to apply the time-range filtering for the dataset with respect to each
data point, which results in O(n?) time in the worst-case). More
detailed discussions can be found in Section S1 of [24].
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Figure 4: An example (with the spatial threshold s and the
temporal threshold ¢ = 5 days) for illustrating why CA and
NS cannot support the spatiotemporal network K-function.

Efficient shortest path algorithms: Recall that spatiotempo-
ral network K-function involves finding the shortest path dis-
tances. Although many efficient algorithms for computing the

shortest path distances, e.g., shortest path caching [45, 59], hub
labeling [11, 41, 46, 47, 56], and hierarchical indexing [38, 69], exist,
most of them (e.g., hub labeling and shortest path caching) can only
improve the efficiency of distance queries (i.e., single-source-and-
single-destination queries) and thus cannot be used to improve the
efficiency for solving our problems. In addition, with the large-scale
location dataset (i.e., large n), the main bottleneck in computing
a spatiotemporal network K-function is to process data points on
edges. Therefore, efficient shortest path algorithms cannot substan-
tially improve the efficiency for solving our problems.

Efficient algorithms for kernel density visualization and its
variants: Many research studies have been proposed for handling
another point pattern analysis tool, called kernel density visual-
ization (KDV) [18, 22, 27, 36, 39, 66, 67], which aims to generate a
heatmap visualization based on the kernel density function value of
each pixel. Note that the kernel density function involves comput-
ing an aggregate function, which is similar to our spatiotemporal
network K-function. However, these existing KDV solutions suffer
from these two issues. First, all these solutions rely on properties of
Euclidean space (e.g., minimum bounding rectangles [18, 36, 39]) for
improving efficiency. Second, some solutions [22, 27] further utilize
the property of pixels, e.g., consider pixels with the same row (i.e.,
the same y-coordinate), to reduce the time complexity. Since the spa-
tiotemporal network K-function considers the road network (but
not the Euclidean space) and does not involve the concept of pixels,
all these solutions [18, 22, 27, 36, 39, 66, 67] cannot be extended
to solve our problems. In the literature, some researchers have de-
veloped efficient algorithms for supporting spatiotemporal kernel
density visualization (STKDV) [19, 20, 68]. However, like [22], all
these methods either do not consider the road network or utilize
the properties of voxels [19] and pixel-timestamp pairs [20] to de-
velop efficient algorithms, which, therefore, cannot be extended to
support this work. Recently, Chan et al. [21, 25, 26] have developed
efficient methods for supporting KDV in road networks, called net-
work kernel density visualization (NKDV). However, NKDV does
not consider the temporal component in the density function (like
the CA and NS methods [23] of the network K-function). Therefore,
these methods cannot also be extended to compute a spatiotemporal
network K-function.

3 Preliminaries
We first define our problems in Section 3.1. Then, we overview the
state-of-the-art solutions for solving the problems in Section 3.2.
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Lastly, we discuss the decomposition property of the spatiotemporal
network K-function (similar to [23]) in Section 3.3.

3.1 Problem Definitions
We first define the spatiotemporal network K-function in Problem 1.

PrROBLEM 1. Given a road network G = (V,E), a spatiotemporal
dataset P = {(p1, 7,), (P2, Tp,): --» (P> Tp,, ) } Of cardinality n, where
each data point lies on one and only one edge, a spatial threshold s,
and a temporal threshold t, the spatiotemporal network K-function
for P, Kp(s,t), is defined as follows.

Ke(st)= Y, > I(e(pip)) <sd(rp.mp) <) ()

(pip;) €P (pj.7p;) €P
J#i

where dg, d, and I denote the shortest path distance, Euclidean dis-
tance, and the indicator function, respectively.

Based on Problem 1, we define the spatiotemporal network K-
function plot (see Figure 3) in Problem 2.

PROBLEM 2. Given a road network G = (V,E), a spatiotemporal
dataset P, L randomly generated datasets (of cardinality n), i.e., Ry,
Ry,..., Ry, M spatial thresholds, ie., s1, $g,., SM (51 < s2 < ... <
sm), and T temporal thresholds, i.e., ty, ty,..., t7 (11 < t; < ... <
tr), we compute Kp(sa,tg), L(sa,tg) (Equation 2), and U (sq, tg)
(Equation 3) for each (sq, tg)-pair, wherel < a <M and1 < B <T,
in order to generate the spatiotemporal network K-function plot.

L(sa,tp) = min(Kg, (Sa» £8), KR, (Sas 18), - Krp (Sars 15)) ()
U (sq,tg) = max(Kg, (Sa,tp), KR, (Sa>tp)s - KRy (Sas tg)) 3)

3.2 Overview of State-of-the-art Solutions

There are two state-of-the-art solutions for efficiently solving Prob-
lems 1 and 2.

Range-Query-based Solution (RQS): Consider each data point
(pi» 7p;) in a dataset P. RQS (based on [54, 62]) needs to (1) invoke
the shortest path algorithm for each data point (p;, 7,;) to search
for all data points (p;,7p;) that are within the spatial threshold
s on a road network G and (2) check whether the corresponding
d (Tpi, T j) < tisfulfilled. Therefore, the worst-case time complexity
of this method for solving Problem 1 is O(n(7sp + n)), where 7sp
denotes the time complexity of the shortest path algorithm (e.g.,
TIsp = O(|V|log |V| + |E|) for Dijkstra’s algorithm [30]). Recall that
we need to compute L + 1 spatiotemporal network K-functions
for each pair of spatial and temporal thresholds in order to solve
Problem 2, which, therefore, takes O(LMTn(7sp + n)) time.
Shortest Path Sharing Solution (SPS): Rakshit et al. [55] observe
that the shortest paths from the nodes, say a and b, on an edge
e = (a,b) can be shared with all data points on this edge e. There-
fore, instead of calling the shortest path algorithm for each data
point (p;, 7p;) on e (as in RQS), SPS only invokes the shortest path
algorithm on a and b for each e = (a, b) and shares the shortest
path distance values with all (p;, 7;) on e. Since the total num-
ber of shortest path computations is reduced from O(n) to O(|E|),
the time complexities of using SPS to solve Problems 1 and 2 are
reduced to O(|E|7sp + n?) and O(LMT(|E|Tsp + n?)), respectively.

3.3 Decomposition of Spatiotemporal Network

K-function
We first define the set of location data points on an edge e (see
Definition 1).

Tsz Nam Chan et al.

DEFINITION 1. Given a location dataset P and a road network
G = (V,E), P(e) denotes the set of location data points on an edge e.
With this definition, we can decompose the spatiotemporal net-
work K-function Kp(s, t) (Equation 1) by the following expression.

Kp(s) =y > e s (4)

(pi,tp; ) EP €e€E
where Cl(f():;p i
tion 5), i.e., the total number of data points in P(e) that are within

the spatial threshold s and the temporal threshold ¢ from (p;, 7p;).

(pistp;)
Cpo ()= > I(de(pupy) <5,d(1p1p) <) (5)
(pjip;)EP(e)
J#i

)(s, t) is the point-edge count function (see Equa-

(pi,7p;
Crie)
improve the efficiency of computing a spatiotemporal network

K-function Kp(s, t) and generating its plot.
4 Our Methods

We first discuss two complexity-reduced methods, called edge
augmentation with range-tree (EAR) and multi-threshold sharing
(MTS), in Sections 4.1 and 4.2, respectively. Then, we propose a
unified approach, called EARTH, that integrates EAR and MTS to
further reduce the time complexity of generating a spatiotemporal
network K-function plot in Section 4.3. Lastly, we discuss the space
complexities of all methods in Section 4.4.

4.1 Edge Augmentation with Range-tree (EAR)
In this section, we first cover two core ideas of EAR. Then, we
illustrate this method based on them.
Core idea 1: Recall that each data point in the dataset P is on one
and only one edge of a road network and contains the timestamp.
Therefore, observe from Figure 5 that we can map every black data
point (p;, 7p;) on an edge e = (u,v) into a two-dimensional plane,
where the x-coordinate and the y-coordinate denote the timestamp
Tp; and the spatial distance from p; to one of the nodes, i.e., u or v,
of the edge e = (u,v), respectively.

distance from u

Therefore, once we can efficiently compute )(s, t), we can

ob \,\/1‘0- - = Jdswv)
Q d
/660 . | (rps,_g(u.ps))
5, D =——_——rmmmmmmEmEmm—_—_———
’ (Tp, g (1, 14))
/ (P0,Tp )@= = == ———— -o
(pi Tp;)
* P (Tp3:da(u: p3))
\ (P3,Tp, )@= = = === === .
\ DT )om (Tp,» fﬁ(u'm))
T )l = e e
TGS T
@, i
Oa ‘) }O_ --3 » time

Figure 5: Mapping all black data points on an edge e = (u,v)
to the (time, distance)-plane, where the distance is measured
from (either) the node u (or node v) to the black data point.
Core idea 2: Given the (time, distance)-plane for each edge e (see

(pi,7p;
Cr(e)
for any data point (p;, 7;) in the dataset P is equivalent to solving
the orthogonal range counting problem [10, 28].

Consider the blue data point (p;, 7;) on the edge € = (a,b) in

Figure 5. The red dashed lines denote the shortest paths from this
data point to the nodes u and v on the edge e = (u,v), where

Figure 5), we show that computing )(s, t) (see Equation 5)
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Figure 6: Each yellow region denotes the orthogonal range counting query with the two-dimensional range.

) _ dg(pi,a) +dg(a,u)

dg(pi,u) = min {dc (os.b) + dor(b. ) (6)
) = dc(pi,a) + dg(a,v)

dg(pi,v) = min {dc (o) + do(b.o) (7)

There are four possible cases for dg (p;, u) and dg (p;, v), which are
(1) dg (pi,u) > sand dg(p;,v) > s, (2) dg(pi, u) < s and dg(pi, v) >
s, (3) dg(pi,u) > s and dg(pi,v) < s, and (4) dg(p;,u) < s and
di(pi,v) < s. Here, we discuss Case 4, which is the most compli-
cated case, in detail. Other cases are covered in Section S2 of [24].
Consider dg (p;, u) < s and dg(p;,v) < s. We note that those data
points (pj, 7p;) on the edge e = (u, v) with (1) dg (pi, u)+dg (u, pj) <
s (ie, dg(u,pj) < oy, where o, = s — dg(p;,u)) or (2) dg(p;,v) +
dg(v,pj) < s(ie,dg(v,pj) < 0y, Where o, = s—dg(pi, v)) can fulfill
the spatial constraint dg (p;, pj) < s in Equation 5. In addition, those
data points (pj, 7,) on the edge e = (u,v) withrp, —t < 7, <7, +t
can fulfill the temporal constraint d(7y,, 7,;) < t in Equation 5.

Therefore, if we have o, + 0, < dg(u,0) (see Figure 6a),
C(Pi-Tpl-
P(e)
range counting queries with the ranges [z, — t,1p, + t][0, 0,]

and [z, — t,7p, + t][dG(u,0) — 0y, dG(u,v)]. Otherwise (i.e., oy, +

0y > dg(u,v) in Figure 6b), computing C;,l(’z’;” i
to solving the orthogonal range counting query with the range
[p; — t. Tp; + t][0,dc (u, 0)].

Illustration of EAR: With the core ideas 1 and 2, once we have ob-
tained the shortest path distances from (p;, 7,;) to other nodes, e.g.,

u and v in Figure 5 (i.e., dg (p;, u) (Equation 6) and dg (p;, v) (Equa-

computing )(s, t) is equivalent to solving two orthogonal

) (s, t) is equivalent

tion 7)), computing the point-edge count function C}(fzi’;p i) (s, t) is
equivalent to solving orthogonal range counting queries in the
(time, distance)-plane (see Figure 6). Therefore, EAR augments the
range-tree index structure [10, 28] for each edge e in the road net-
work, which achieves the lowest time complexity, O(log [P(e)|), for

solving the orthogonal range counting problem in each edge e (see

Table 1 in [28]). Hence, computing CI(;IZ:)TP" ) (s, t) takes O(log |P(e)|)

time (see Lemma 1).

LEMMA 1. Given a location dataset P, a road network G = (V,E),
where each edge is augmented by a range-tree, and the shortest
path distances from (p;, 7p,) in P to other nodes in 'V, computing

C;,fi’;pi)(s, t) for the data point (p;, 7p,) takes O(log |P(e)|) time.

The detailed description of EAR is in Section 7.1. Based on
Lemma 1, we further show that the time complexity of EAR is

O(|E|Tsp + n|E|log (ITn\) + nlogn) in Theorem 1. The proof of this
theorem is in Section 7.2.

THEOREM 1. The time complexity of EAR to compute a spatiotem-
poral network K-function is O(|E|Tsp + n|E| log (%) +nlogn).

By adopting simple optimizations, we can reduce the time com-
plexity of EAR for generating a spatiotemporal network K-function
plot to O(|E|Tsp + LMTn|E| log (%) +Lnlogn) in Theorem 2. More
discussions (including the validity of Theorem 2) are in Section 7.3.

THEOREM 2. The time complexity of EAR to generate a spatiotem-
poral network K-function plot is O(|E|Tsp + LMTn|E|log (ﬁ) +
Lnlogn).

Compared with the state-of-the-art SPS method, which takes
O(|E|Tsp + n?) time and O(LMT(|E|7sp + n?)) time for computing
a spatiotemporal network K-function and generating its plot, re-
spectively, EAR can further reduce the time complexities of solving
these two problems (see Theorems 1 and 2).!

4.2 Multi-Threshold Sharing (MTS)
In this section, we first discuss two core ideas of MTS. With these
two core ideas, we then illustrate this method.
Core idea 3: Consider a set of black data points of cardinality n
in a two-dimensional plane (see Figure 7a). Suppose that we have
established T x M grids and scanned all data points. We can assign
the count value CG(gx, gy) to each (g, g,)-grid (e.g., CG(1,4) =3
in Figure 7a). Based on these count values, we build a prefix-count
array P for each (gx, g,)-pair (see Figure 7b) [40], where

9x 9y

Plgegyl = ), D CGlgig) (8)

9i=19g;=1
For example, P[3,3] = 4 (the pink grid) in Figure 7b denotes that
there are four data points inside the purple region in Figure 7a.

With this prefix-count array, we can compute the count value
CG(Q) of any rectangular region Q = [gx;, gx,, 1 [9y;> 9y, | that fully
covers the grids with gx, < gx < gy, and g,, < g, < gy, by
accessing at most four entries [40]. Using Figure 7 as an example,
we can obtain the total count value in the red region of Figure 7a
(which is 3) by accessing four green entries in Figure 7b (which is
9—4-2+0).

Based on [40], Lemma 2 concludes that it takes O(T]VI + 1) time
to construct the prefix-count array and O(1) time to compute the
count value CG(Q) for all grids that are fully covered by any rect-
angular region Q = [gx;, 9x, 1 [9y;> Gyu |-

The main reason is thatO(log(l—g‘)) < O(ﬁ) = O(nlEllog(ﬁ)) < 0(nd).



KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

y-axis y-axis
[ ] 1 L] [
° ° | ".|<iy:‘3 4|6|80f12)9, =5
ol | ° 4{s5]1719]9
i le ° 1]1214]5]5
® le|e 1]2]3]4]4
ole gy=1 . 0joj1k2]2]9 =1 .
» X-axIS » X-aXIS
gx=1 o0 gx=5 gx=1 «ee gx=5

@) T x M (5 x 5) grids (b) The prefix-count array
Figure 7: Partition the yellow region into TxM grids and
construct the prefix-count array, where T = M = 5 in this
example.

LEMMA 2. [40] Given a two-dimensional T X M grids and a set of
data points of cardinality i, constructing the prefix-count array for
these grids and computing the count value CG(Q) for all grids that
are fully covered by any rectangular region Q = [gx;, 9x, 19y;> 9y, ]
take O(TM + n) time and O(1) time, respectively.

Core idea 4: With the concept of the prefix-count array, we discuss
how to adopt this technique to efficiently compute the point-edge

count function C (Pep;)

P(e) (sa- tg) (see Equation 5) with multiple spatial
thresholds, 1 < @ < M, and multiple temporal thresholds,1 < f < T.
Like the EAR method (see Section 4.1), we also have o,,, = s —
dg(pi,u) and oy, = s¢ — dg(pi,v) (which are similar to Figure 6).
In addition, we also consider four possible cases for comparing
the shortest path distances from (p;, 7;) to nodes u and v on the
edge e = (u,v) with the largest spatial threshold sy, which are
(1) do(pi,u) > sy and dg(pi,v) > sm, (2) do(pi,u) < sy and
dc(pi,v) > sm, 3) do(pi,u) > sy and dg(pi,v) < sy, and (4)
dg(pi,u) < sy and dg(p;,v) < sy. Here, we discuss the most
complicated case, i.e., Case 4, in detail.

Consider oy, + 0y, < dc(u,v) (see Figure 8a), which indicates
that these two yellow regions (with the largest spatial threshold
sy) never intersect. For each yellow region, we can first establish
the 2T x M grids and then construct the prefix-count array (based
on the core idea 3), which takes O(TM + n) time (Lemma 2). With
these two prefix-count arrays, we can evaluate the range counting
queries with different (s, t3)-pairs (2MT in total), which takes
O(TM) time (Lemma 2). Hence, the time complexity is O(TM + n)
for this subcase.

Consider oy, + 0y,, > dg(u,v) (see Figure 8b), which indicates
that these two yellow regions (with the largest spatial threshold
sp) can intersect. Since oy, < 0y, < ...
... £ Oy, there exists the smallest integer ¢ such that o, + 0y, >
di(u,v) (see Figure 8), where 1 < £ < a < M. Therefore, we can
first construct a one-dimensional prefix-count array, which is the
special case in the core idea 3, for these strips (2T X 1 grids) in
O(T + |P(e)|) time (see Lemma 2). Then we adopt this structure to
find the count value in each region [, —tg, 7, +15] [0, dg (u, v)] for

computing C 1(91(,::)1 bi

< oy, and 0y, < 0y, <

)(s,,,, tg) in O(1) time (see Lemma 2). Hence, the

time complexity of computing CI(,IEZ’)TP i) (Sa- tg) with £ < @ < M and
1< f<TisO(T(M—-¢)+|P(e)|) time. On the other hand, if 1 < a <

tand 1 < B < T, computing Cl(,l(,:)f”)(sa, tp) for all these & and f3 is
equivalent to the subcase in Figure 8a (as oy,_, + 0o, , < dg(u,0)
in this condition), which takes O(T¢ + |P(e)|) time. Therefore, the

time complexity of this subcase is O(TM + |P(e)|).

Tsz Nam Chan et al.

As a remark, other cases (i.e., Cases 1 to 3) are discussed in
Section S3 of [24], which also take O(TM + |P(e)|) time.
Illustration of MTS: With the core ideas 3 and 4, once we have
obtained dg (p;, u) (Equation 6) and dg (p;, v) (Equation 7), i.e., the
red dashed lines in Figure 8, we can use O(TM + |P(e)|) time to

evaluate C;f;l’;p i)(sa, tg) with T x M threshold-pairs on the edge
e = (u,v) (see Lemma 3).

LEMMA 3. Given a location dataset P, a road network G = (V, E),
M spatial thresholds, i.e., s1, Sz,..., SM (51 < S < ... < sy), T temporal
thresholds, i.e., t1, ta,..., tt (t1 < ty < ... < tr), and the shortest path

distances from (p;, Tp;) in P to other nodes in 'V, the time complexity

of computing C}(f(’i’){pi ) (sa» tg) for all (sq, tg)-pairs is O(TM + | P(e)]).
We provide a detailed description of MTS in Section 7.4. Based
on Lemma 3, we conclude in Theorem 3 that the time complexity
of MTS is O(|E|Tsp + Ln® + LMTn|E|) (see Section 7.5 for its proof).
THEOREM 3. The time complexity of MTS for generating a spa-

tiotemporal network K-function plot is O(|E|Tsp + Ln? + LMTn|E|).

Compared with EAR, which takes O(|E|7sp+LMTn|E| log (%) +
Lnlogn) time for generating a spatiotemporal network K-function
plot (see Theorem 2), MTS is superior than EAR when MT >
W (based on Ln? < LMThn|E| log(ﬁ)). In practice, this
condition can be satisfied. Using the Los Angeles dataset (crime
events) [2] as an example, this dataset contains n = 2,108,154 data
points and the road network contains |E| = 109,708 edges. Observe
that m is 4.5063 (the base of the logarithm is 2), which is

[E]

normally smaller than MT (e.g., M = 27 and T = 11 are used in [29]).

4.3 EARTH: A Unified Approach
Although MTS is more scalable to MT compared with EAR, the
time complexity of MTS (Theorem 3) depends on O(Ln?), which
does not scale to large n. On the other hand, EAR takes O(|E|Tsp +
LMTn|E|log (%) + Lnlogn) time (Theorem 2), which is more
scalable to large n. Hence, we propose EARTH, which integrates
EAR, ie., Edge Augmentation with Range-tree, and MTS, i.e., multi-
THreshold sharing, to further boost the efficiency for generating a
spatiotemporal network K-function plot.

Recall that we can (1) either choose to build a range-tree (EAR)
or a prefix-count array (MTS) on each edge e and (2) both EAR and

MTS need to compute the point-edge count function C}(Qféj)”" ) (sa- tp)
with MT (sg, tg)-pairs for all data points (p;, 7,,) in each dataset R;
(0 <1 < L). As such, we model the cost values of EAR and MTS on
an edge e for all data points (p;, 7,,) in the dataset R; (of cardinality

n) to be Cgar(Ry, ) and Cyrs (R, e), respectively, where

Cear(Ri, €) = |Ri(e)|log |R;(e)| + nTMlog [R;(e)| ©)
construction cost of Lemma 1
the range-tree in Ry (e)
Cwmrs(Ri ) = n(TM + |Ri(e)|) (10)

| —
Lemma 3

Using these cost functions, EARTH can select the method with

the lowest cost on e to compute C}(Q‘I;é’er)p")(sa, tg) with MT (sq, tg)-
pairs for all (p;, 7,,;) in the dataset R;. Although this approach is
simple, EARTH can further reduce the time complexity of gener-
ating a spatiotemporal network K-function plot (see Theorem 4)

compared with EAR and MTS. The proof is in Section 7.6.



EARTH: Accelerating Spatiotemporal Network K-function-based Analytics

distance from u

b vO)dg(u,v)4
O A #O da(u,
@x-ﬂ/ ol v _|_ _ 0
(e g N
7 o : °
7
/ | i e = *
ol A I
*(Pi.‘f,,i) : Ouy -— . [ ]
\ olow | _ % |
[ . °
\ o °
N of 0
ZN oL |- = L
@y X J
(@) n®) time
a u - >
0 SO AT W
7 \ X \
o P * X
RPN “ ey R

(@) gy, + Ty, < dg(w,v)

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

distance from u
v dG (u' 17)‘ 3

el fo
G
& o'l °
4
| ®, |on °
[ °
*( ) ° :U" .
Di» Tp;
i ovf °
\ ooy, °
. i gk
N e 10y [
® °
ZN o [ ]
o Gy ! .
20O 1 » time
a u ~ \ N x&
0 AT AN AN
, .
v P N JRRY
A &R R

(b) 0wy, + 04y, = d(w, )

Figure 8: Illustration of Case 4 for the MTS method.

THEOREM 4. The time complexity of EARTH for generat-
ing a spatiotemporal network K-function plot is O(|E|Tsp +
min (LMTn|E|log (%) + Lnlogn,Ln?® + LMTn|E|)).

4.4 Space Complexities of All Methods

In this section, we investigate the space complexities of all methods,
ie., EAR, MTS, and EARTH. Since all methods need to access L + 1
location datasets, P (= Ry), R1, Ry,..., and Ry, invoke the shortest
path algorithm, and return (L + 1)MT spatiotemporal network
K-function values in order to generate a spatiotemporal network
K-function plot, all methods consume at least O(Ssp + Ln + LMT)
space, where Ssp denotes the space complexity of the shortest
path algorithm. In the following, we discuss the additional space
complexities of all methods.

EAR: Recall that EAR needs to construct a range-tree for each
dataset R; (0 < I < L) on each edge e (see Section 4.1). By adopting
the state-of-the-art approach [10, 28] to construct this structure for
each set R;(e), which takes O(|R;(e)|) space, we conclude that the
additional space complexity is ZIL:() Yece O(|Ri(e)]) = O(nL).
MTS: Since MTS builds a prefix-count array in order to evaluate the
Cey
Section 4.2) with the dataset R;, the additional space complexity of
MTS is O(MT).?

EARTH:EARTH only needs to select either EAR or MTS to compute
Coey
Section 4.3). As such, the additional space complexity of this method

is at most O(nL + MT).

Based on the above discussion, we conclude that all our methods
do not increase the space complexity of generating a spatiotemporal
network K-function plot compared with the RQS and SPS methods,
i.e., the space complexities remain in O(Ssp + Ln + LMT) (as stated
in Theorem 5).

THEOREM 5. The space complexities of the EAR, MTS, and EARTH
methods for generating a spatiotemporal network K-function plot are
O(Ssp +Ln+ LMT).

As a remark, since computing a spatiotemporal network K-
function is the special case of generating its plot, we can set L =0
(L + 1 datasets (P = Ry)), M = 1, and T = 1 to obtain the space
complexity of EAR, i.e., O(Ssp + n).

point-edge count function )(sa, tg) for all (s, tg)-pairs (see

) (sas tg) for the set R; (e) with respect to all (s, t5)-pairs (see

2 After we evaluate C (Pi7p;
Ry (e)

clear the prefix-count array. Therefore, the space complexity remains in O(MT).

) (Sa» tp) for all (sg, tg)-pairs with the set R; (e), we can

5 Experimental Evaluation

We first discuss the experimental settings in Section 5.1. Then, we
show the experimental results for the time efficiency of computing a
spatiotemporal network K-function (see Problem 1) and generating
its plot (see Problem 2) in Sections 5.2 and 5.3, respectively. Due
to space limitations, space efficiency experiments are provided in
Section 7.7.

5.1 Experimental Settings

We choose four large-scale location datasets to conduct the exper-
iments (see Table 2). To obtain the road network of each city (or
dataset) from the OpenStreetMap [4], we adopt the commonly used
OSMnx python package [15].

Table 2: Datasets.

l Name [ n [ V] [ |E| [ Category [ Ref. ]
Seattle 543,969 11,383 | 37,472 Crime events [8]
London 822,382 | 19,984 | 75,609 | Traffic accidents | [6]

New York 1,542,738 | 41,307 | 115,021 | Traffic accidents | [3]
Los Angeles | 2,108,154 | 35,933 | 109,708 Crime events [2]

We compare our methods, EAR, MTS, and EARTH, with the state-
of-the-art methods, RQS and SPS (see Table 1). We implemented all
these methods in C++ and conducted the experiments on an Intel
i7 3.19GHz PC with 32GB memory.

5.2 Time-Efficiency for Spatiotemporal
Network K-function
We conduct the following experiments to test the time efficiency
of RQS, SPS, and EAR. By default, we fix the spatial and temporal
thresholds to be 1000m and 7 days, respectively. Since we focus
on computing a spatiotemporal network K-function, we omit MTS
and EARTH in this section.
Varying the spatial threshold s. We investigate how s affects the
time efficiency of all methods. To conduct this experiment, we vary
s from 100m to 5000m. In Figure 9, once we increase s, RQS, SPS,
and EAR need to process more data points on road networks. As
such, the response time of all methods increases. Since EAR has the
lower time complexity compared with RQS and SPS, this method
achieves speedups of 2.57x to 8.09x.
Varying the temporal threshold t. We study how ¢ affects the
time efficiency of all methods. Since ¢ does not affect the number of
data points that are processed by all methods, RQS, SPS, and EAR
are not sensitive to ¢ (see Figure 10). EAR achieves speedups of
5.13x to 8.14x over RQS and SPS, due to its lower time complexity.
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(a) Seattle (d) Los Angeles
Figure 9: Response time for computing a spatiotemporal network K-function with the default temporal threshold t = 7 days,
varying the spatial threshold s.
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Figure 10: Response time for computing a spatiotemporal network K-function with the default spatial threshold s = 1000m,
varying the temporal threshold ¢.
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Figure 11: Response time for computing a spatiotemporal network K-function with the default spatial threshold s = 1000m and
the default temporal threshold ¢t = 7 days, varying the dataset size.
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Varying the dataset size. We proceed to investigate how the
dataset size affects the time efficiency of all methods. In this experi-
ment, we first sample each dataset with four ratios, i.e., 25%, 50%,
75%, and 100% (no sampling). Then, we measure the response time
of all methods in each reduced dataset. In Figure 11, the response
time of all methods increases when we increase the dataset size. The
main reason is that all methods need to process more data points
with larger dataset sizes. Since EAR has the lower time complexity
for computing a spatiotemporal network K-function, this method
achieves speedups of 2.26x to 7.63x over RQS and SPS.

5.3 Time-Efficiency for Spatiotemporal

Network K-function Plot
Generating a spatiotemporal network K-function plot involves the
computation of multiple spatiotemporal network K-functions with
respect to L random datasets, M spatial thresholds, and T temporal
thresholds. Here, we investigate how these parameters affect the
efficiency of all methods. As a remark, we set the smallest spatial
threshold (i.e., s1) to be 200m and increase this value by 200m to
obtain other spatial thresholds (e.g., M = 3 means that we use
s1 = 200m, s, = 400m, and s; = 600m). Similarly, we also set the
smallest temporal threshold (i.e., t;) to be 3 days and the incremental
value to be 2 days for obtaining multiple temporal thresholds (e.g.,
T = 3 means that we use t; = 3 days, t; = 5 days, and t3 = 7 days).
Varying the number of random datasets L. We examine how L
affects the response time of all methods. To conduct this experiment,
we fix M and T to be 4 and vary L from 1 to 7. Figure 12 shows
the results of all methods. Since our methods have the lower time
complexities than the existing methods, EAR and MTS achieve
speedups of 3.07x to 11.72x over RQS and SPS no matter which L
we adopt. By combining the advantages of EAR and MTS, EARTH
further achieves speedups of 8.26x to 17.31x over RQS and SPS.
Varying the number of spatial thresholds M. To assess how
M affects the time efficiency of all methods, we choose M to be 2,
4, 6, and 8 while we adopt the default values of T = 4 and L = 3.
Due to the lower time complexities of our methods, EAR, MTS,
and EARTH achieve speedups of 2.86x to 14.67x over RQS and SPS
(see Figure 13). Furthermore, when we increase M, the time gap
between EAR and MTS is smaller. The main reason is that MTS is
more scalable to M compared with EAR.
Varying the number of temporal thresholds T. We investigate
how T affects the time efficiency of all methods. To conduct this
experiment, we vary T from 2 to 8 and choose L to be 3 and M to be
4. Observe from Figure 14 that all our complexity-reduced methods
achieve notable speedups (up to 19.04x) compared with RQS and
SPS. As in the previous experiment (i.e., Figure 13), the time gap
between EAR and MTS reduces if we adopt the large T.

6 Conclusion

We study the spatiotemporal network K-function, which is used
extensively by domain experts for analyzing spatiotemporal point
patterns in location datasets. However, computing a spatiotemporal
network K-function is already time-consuming, let alone to gen-
erate its plot. To tackle this issue, we contribute three methods,
namely EAR, MTS, and EARTH, that reduce the time complexity
of supporting this tool, without increasing the space complexity.
Experiments on four large-scale location datasets show that our
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proposed methods achieve speedups of 2.26x to 19.04x over the
state-of-the-art solutions (i.e., RQS and SPS).

In the future, we will (1) develop plugins (based on our methods)
for QGIS and ArcGIS to support this tool and (2) extend our methods
to study other tools, e.g., network clustering [54].
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7 Appendix

7.1 Detailed Description of EAR
Algorithm 1 shows the pseudocode of EAR. This algorithm first
augments a range-tree for the set of data points P(e) of each edge
e (lines 3 and 4). Then, this algorithm iteratively (1) obtains the
shortest path distances from node a and node b to other nodes with
their distance values smaller than or equal to s (line 7) for each edge
e = (a,b) (line 5) and (2) computes, for each data point (p;, 7p,)
(pistp;
CP(E)
(Lemma 1) and updates the spatiotemporal network K-function
(lines 8 to 12). Lastly, this algorithm clears the memory space that is
allocated for SPDs(a) and SPD;(b) in line 7 and moves to the next
iteration (i.e., next edge € = (a, b) in line 5).

one = (ab), )(s, t) with respect to other edges e = (u,0)

Algorithm 1 Edge Augmentation with Range-Tree (EAR)

1: procedure EAR(G = (V,E), spatiotemporal dataset P =
{(p1. p,)s (P2, Tp,)s s (P> Tp,, )} spatial threshold s, temporal

threshold t)

2: K0

3 for each edge e € E do

4 Augment the range-tree for P(e) > [10, 28]
5 for each edge e = (a,b) € E do

6: //Use the shortest path algorithm for a and b

7: Obtain SPDs(a) and SPDs(b), where (Yh € V):

SPD, (@) = {dc(a, h) ifdG(a,.h) <s )
00 otherwise

8: for each (p;, ;) € P(e) do

9: for each edge e = (1,v) € E do
10: Compute dg (p;, u) > Equation 6 and line 7
1 Compute dg (pi,v) > Equation 7 and line 7
12: K« K+ C}(,‘i(’i)rp") (s, 1) > Lemma 1
13: Clear SPD;(a) and SPD;(b) > Clear memory

14: Return K

7.2 Proof of Theorem 1

Proor. In Algorithm 1, we first augment a range-tree for each
edge e, which takes O(|P(e)|log|P(e)|) time [10, 28]. Therefore,
lines 3 and 4 take O(3.cg |P(e)|log |P(e)|) time. Then, for each
edge € = (a,b) in E, we compute the shortest path distances from
node a and node b to other nodes. As such, line 7 takes O(|E|7sp)
time throughout the loop in line 5. With these shortest path dis-
tances, we use O(1) time to compute dg(p;, u) (Equation 6) and

KDD ’26, August 09-13, 2026, Jeju Island, Republic of Korea

dg (pi, v) (Equation 7) for each edge e = (u,v) and use O(log |P(e)|)
time to evaluate CI(JIZ;’)TP") (s, t) (Lemma 1). Therefore, lines 10 to 12
take O(Z(‘Disrpi)ep Yecr log|P(e)|) time throughout the loop in
line 5. Hence, the time complexity of the EAR method is:
o( D IP(e)llog IP(e)| + IEITsp + >, ) log|P(e)l)
ecE (pistp;)EP €€E

n
1E]
The equality holds because Y.cx |P(e)|log|P(e)| < nlogn and
Yecelog|P(e)| < |E|log (%) (which has been proved in Theo-
rem 2 of [21]). O

= O(|E|‘7§p+n|E\log( )+nlogn)

7.3 Generating a Spatiotemporal Network

K-function Plot with EAR

We can directly adopt Algorithm 1 to compute the spatiotemporal
network K-functions with M X T (s, tﬂ)—pairs for L + 1 datasets,
which takes O(LMT (|E|7sp + n|E| log (l—]’;l) + nlogn)) time (based
on Theorem 1). To further reduce the time complexity for solving
this problem, we incorporate the recent approach, called advanced
shortest path sharing (see Section 3.4 in [23]), into the EAR method.
The general idea is to first compute the shortest path distances
from node a and node b on the edge € = (a,b) to other nodes
with the largest spatial threshold sy, i.e., SPD;,, (a) and SPD;,, (b)
(Equation 11), and then share these shortest path distances with all
datasets, spatial thresholds, and temporal thresholds. By adopting
this approach, the total number of shortest path computations
remains in O(|E|) (i.e., O(|E|7sp) time). In addition, since there are
L + 1 datasets, the time complexity for augmenting range-trees in a
road network is O(Ln log n). Hence, we conclude in Theorem 2 that
generating a spatiotemporal network K-function plot only takes
O(|E|Tsp + LMTn|E|log (ﬁ) + Lnlogn) time.

7.4 Detailed Description of MTS

In Algorithm 2, it first invokes the shortest path algorithm with the
largest spatial threshold sy for nodes a and b on each edge e = (a, b)
(line 5). Then, for every data point (p;, 7;) on this edge e = (4, b)
with each dataset R; (line 7), where 0 < [ < L, this algorithm (1)
obtains the shortest path distances from (p;, 7,) to the nodes, say
u and v, on other edges e = (u,v) (lines 9 and 10), (2) computes
Coey
ideas 3 and 4 (line 12), and (3) updates the spatiotemporal network

K-function values for all (s, t3)-pairs with the dataset R; (lines 13
to 15). After that, MTS iteratively processes those data points on
the edge € = (a, b) for the next dataset (line 6). Once all datasets on
this edge e = (a, b) have been processed, MTS clears the memory
space that is allocated for computing the shortest path distances
(line 16) and iteratively moves to the next edge e (line 4) until all
edges have been accessed.

7.5 Proof of Theorem 3

Proor. In Algorithm 2, we invoke the shortest path algorithm
twice for nodes a and b on each edge e = (a,b) (line 5). As such,
the time complexity of line 5 for all iterations is O(|E|7sp). With
these shortest path distances, SPD;,, (a) and SPDj,, (b), we can first
obtain dg (p;, u) (line 9) and dg(p;, v) (line 10) in O(1) time using
Equations 6 and 7, respectively. Based on dg (p;, u) and dg (p;, v),

)(sa, tg) with respect to all (s, tg)-pairs based on the core
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Algorithm 2 Multi-Threshold Sharing (MTS)
1: procedure MTS(Datasets {P, Ry, R, ..., R}, G = (V, E), spatial
thresholds sy, s3,..., sm, temporal thresholds ty, t,,..., tT)
2 Let Ry = P and Ko([l; be the spatiotemporal network K-

function for the dataset R; with the spatial threshold s, and the
temporal threshold t.

3 K;f;<—0(1Sa3M,1sﬂsT,oslSL)

4 for each edge e = (a,b) € E do

5 Obtain SPD,, (a) and SPD;,, (b) > Equation 11
6: for! < 0to L do

7: for each (p;, 7,) € Ri(e) do > Definition 1
8: for each edge e = (u,v) € E do

9: Compute dg (pi, u) > Equation 6
10: Compute dg(p;, v) > Equation 7
1 //Adopt the core ideas 3 and 4

12: Compute Cl(f;é’ef)”")(sa, tg), ¥(sa, tg)
13: for ¢ «— 1to M do
14: for f «— 1to T do
15: K KU+ ) (55, 1)

16: Clear SPD;,, (a) and SPD;,, (b)
17: ReturnK[%(l <a<M1<B<T,0<I<L)

we can then compute C}({;ZZ)”)(SQ, tg) for all (s, tg)-pairs (line 12)

in O(TM + |R;(e)|) time (see Lemma 3) and update these spatiotem-
poral network K-function values (lines 13 to 15) in O(TM) time.
Therefore, the time complexity of lines 9 to 15 is O(TM + |R;(e)|)
for each iteration. Hence, we can conclude that the time complexity
of lines 9 to 15 for all iterations is:

L
O(Z Z Z Z(TM + IRz(e)l)):O(Ln2 + LMTn|E|)

€eE I=0 (p;,7p;)€R;(€) e€E

Based on the above discussion, we conclude that the time complex-
ity of MTS is O(|E|Tsp + Ln? + LMTn|E|). ]

7.6 Proof of Theorem 4

Proor. Since this method does not affect the total number of
shortest path computations, the time complexity of this part remains
in O(|E|Tsp). Recall that we choose either EAR or MTS to compute
C}(Qfé’er)pi)(sa, tg) on an edge e with MT (s, tg)-pairs for all data
points (p;, 7p;) in R; based on the cost values (see Equations 9
and 10). Since there are L + 1 datasets and |E| edges, the time
complexity of EARTH is:

L
O(|E|Tsp +Z Z min(Cgar (Ry; €), Cyrs (Ry, €) ))

I1=0 ecE

L L
< O(|E|Tsp +min (' Z;CEAR(RZ, e, Z;cms(Rz, o))

1=0 ec I=0 ec
. n 2
- O(|E|Tsp +min (LMTnlEl log (E)+Ln logn, Ln +LMTn|E|))

Tsz Nam Chan et al.

7.7 Space-Efficiency for Spatiotemporal
Network K-function and its Plot
In this section, we investigate the space efficiency of all methods
for computing a spatiotemporal network K-function and its plot.
We adopt the two largest datasets in Table 2, which are New York
and Los Angeles, for conducting the following experiments.
Varying the dataset size. In the first experiment, we measure
the memory space consumption of all methods, i.e., RQS, SPS, and
EAR, for computing a spatiotemporal network K-function, which
follows the same settings in Section 5.2 (i.e., choosing the default
spatial threshold and the default temporal threshold to be 1000m
and 7 days, respectively, and using 25%, 50%, 75%, and 100% as four
sampling ratios).
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Figure 15: Space consumption of all methods for computing
a spatiotemporal network K-function, varying the dataset
size.

Observe from Figure 15 that the larger the dataset size, the larger
the memory space consumption of all methods. The main reason
is that the space complexities of all methods, RQS, SPS, and EAR,
are proportional with respect to the dataset size n (see Table 1).
With the same space complexities of all methods, EAR only incurs
a small amount of space overheads compared with RQS and SPS.
Varying the number of random datasets L. In the second ex-
periment, we follow the same settings in Section 5.3 (i.e., setting
the default number of spatial thresholds M and the default num-
ber of temporal thresholds T to be 4 and varying the number of
random datasets L from 1 to 7) for measuring the memory space
consumption of all methods.
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Figure 16: Space consumption of all methods for generating
a spatiotemporal network K-function plot with M = 4 spatial
thresholds and T = 4 temporal thresholds, varying the num-
ber of random datasets L.

Figure 16 shows the results of all methods. Observe that the
memory space consumption of all methods increases with respect to
L. The main reason is that the space complexities of all methods (see
Table 1) are proportional to L. With the same space complexities
of all methods, EAR, MTS, and EARTH, only incur slight space
overhead compared with the existing methods, RQS and SPS.
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