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Abstract—Generating a spatiotemporal K -function plot is fre-
quently adopted to analyze point patterns by domain experts in a
wide range of application domains, including criminology, trans-
portation science, urban planning, and epidemiology. However,
with the high worst-case time complexity of computing a spa-
tiotemporal K -function plot, the state-of-the-art methods are un-
able to efficiently (or feasibly) support this tool. To overcome this
issue, we develop Distribution-aNd-Aggregation (DNA), which is
the first solution that can reduce the worst-case time complexity
for supporting this tool. Experiment results on four large-scale
location datasets show that DNA achieves speedups of 4.58x
to 57.42x over the state-of-the-art methods, without incurring
significant space overhead. The implementation of all methods
can be found in https://github.com/edisonchan2013928/DNA.

I. INTRODUCTION

Point pattern analysis [1], [2] is an important field for many
application domains, including geography, transportation sci-
ence, epidemiology, criminology, urban planning, cheminfor-
matics, and bioinformatics. Among most of the statistical tools
in this field, spatial K-function (or Ripley’s K-function) [1],
[3] is the fundamental tool to analyze the correlation between
data points in a location dataset P, which counts all data
points that are within the spatial threshold o from each data
point in P. Figure 1 depicts the concept of spatial K -function.
In Figure la, since there is no data point within the spatial
threshold o from each data point, the spatial K-function
value of this dataset is 0. Observe from Figure 1b that the
sets {p2,P3s}, {P1,P3}, and {p1,p2} are within the spatial
threshold o from p;, p2, and ps, respectively, and no data
point is within the spatial threshold o from p4. As such, the
spatial K -function value for this dataset is 6. Note that the
dataset tends to be clustered (or dispersed) if the spatial K-
function value is larger (or smaller).

Spatial K -function has been extensively used by domain
experts, including criminologists [4], [5], [6], [7], [8], trans-
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Fig. 1: Illustration of spatial K -function.
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Fig. 2: A spatial K-function plot.

portation experts [7], [9], [10], urban planners [11], [12], [13],
[14], epidemiologists [15], [16], [17], [18], and molecular
scientists [19], [20], [21], [22], [23], [24], [25], [26], [27],
to analyze their location datasets and perform meta analysis.
To adopt this tool, domain experts need to generate a spatial
K-function plot (see Figure 2) by (1) choosing S spatial
thresholds, i.e., o1, 09,..., 0g, and randomly generating L
datasets with the same size as the original location dataset
P, (2) computing the spatial K-function values for L + 1
datasets (including the original one) with each spatial threshold
o (where o can be o1, 09,..., 0g), (3) plotting the black curve
(spatial K-function values of the original dataset with respect
to different spatial thresholds o), and (4) plotting the red
dotted curve and the blue dotted curve, which, for each spatial
threshold o, represent the minimum and maximum spatial K-
function values, respectively, of L random datasets. Once the
black curve is above the blue dotted curve, they conclude
that the location dataset contains meaningful clusters/hotspots
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Fig. 3: Spatial K -function, which ignores the timestamp of each data point, can possibly provide misleading cluster properties
(i.e., dispersed or clustered) for a location dataset with the same spatial distribution (in (a)) but two temporal distributions (in

(b) and (¢)).

with respect to those spatial thresholds (see the green region
of Figure 2). In contrast, they regard the dataset to be either
random (see Figure 2) or dispersed (see the yellow region of
Figure 2) for those spatial thresholds. Due to the popularity of
spatial K -function, many geographical and statistical software
suites, including ArcGIS [28], CrimeStat [29], spatstat [30],
and PySAL [31], can also support this tool.

However, since many geographical phenomena (e.g., differ-
ent waves of disease outbreak [32], [33] and repeated patterns
of crime events [34], [35], [36]) depend on time, one major
drawback for using spatial K -function is that this tool does not
consider any temporal information (i.e., the timestamp) of each
location data point. Hence, this tool may result in misleading
interpretation for geographical applications. Consider Fig-
ures 3b and c as an example of two disease outbreak location
datasets with the same spatial distribution (see Figure 3a) and
two temporal distributions. Although the data points (p1, tp, ),
(P2,tp,), and (ps,tp,) in Figure 3b are close to each other
in terms of spatial coordinates (see Figure 3a), these data
points are far away from each other in terms of timestamps,
which may indicate the sporadic cases. In contrast, the data
points (p1,tp,), (P2,tp,), and (ps,tp,) in Figure 3c are
spatiotemporally close to each other, which indicates that there
is a valid disease outbreak cluster/hotspot for this dataset. As
such, spatial K-function is unable to distinguish these two
cases, possibly leading to incorrect conclusion for the cluster
property of a dataset (e.g., regard the dataset in Figure 3b,
based on Figure 3a, as clustered).

To overcome this weakness, many domain experts [35],
[36], [37] have pointed out that incorporating time infor-
mation into the K -function-based point pattern analysis can
provide more meaningful and accurate results. Hence, they
have adopted the advanced point pattern analysis tool, called
spatiotemporal K-function [38], [39], [32], [33], [34], [37],
[35], [36], which aims to count all data points that are
simultaneously within the spatial threshold o and the temporal
threshold 7 from each data point (see Figures 3b and c).
Therefore, instead of plotting a two-dimensional spatial K-
function plot (see Figure 2), domain experts obtain a three-
dimensional spatiotemporal K -function plot (see Figure 4), by
computing multiple spatiotemporal K -functions with .S’ spatial
thresholds, i.e., 01, 03,..., 05, and T temporal thresholds, i.e.,
T1, T2,..., TT, With the original dataset (see the green surface of

Figure 4) and L random datasets (see the red and blue surfaces
of Figure 4). Once the green surface is above the blue surface,
the location dataset tends to have meaningful clusters/hotspots
with respect to those spatial and temporal thresholds. In
contrast, this dataset is either random or dispersed. As a
remark, we will provide a detailed case study for this dataset
(and the corresponding plot) in Section V-E.
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Fig. 4: A spatiotemporal K-function plot' for the COVID-19
cases in the north district of Hong Kong [40], where, for each
pair of a spatial threshold and a temporal threshold (o, 7), the
red surface and the blue surface represent the minimum and
the maximum spatiotemporal K -function values, respectively,
of L random datasets and the green surface denotes the
spatiotemporal K-function value of the original dataset for
each (o, T)-pair.

However, generating a spatiotemporal K -function plot is
time-consuming, which takes O(LSTn?) time. Therefore,
this point pattern analysis tool cannot be scalable to support
large-scale datasets (i.e., large n), a large number of spatial
thresholds S, and a large number of temporal thresholds 7',
which has repeatedly been complained by various domain
experts within the recent two decades [38], [44].

n this example, we select S = 60, which are 200m, 400m
T = 20, which are 1 day, 2 days
plot.

..... 12000m,
20 days, and L = 2 for generating this

.....



TABLE I: Theoretical results for generating an exact spatiotemporal K -function plot, where n, L, S, and T" denote the number
of data points of a spatiotemporal dataset, the number of random datasets, the number of spatial thresholds, and the number

of temporal thresholds, respectively.

[ Threshold interval type [Method] Time complexity

[ Space complexity | References ]

. : RQS O(LSTn?) O(nL 1 ST) Section 1II-B ((41], [42), [43))
Fixed threshold intervals DNA O(Ln® + LSTn) (Theorem 1)  |[O(nL + ST) (Theorem 3)Section IV-B and Section IV-D

) ) TRQS O(LSTn?) O(nL + 8T) Section TI-B ([41], [42], [43])
Multiple threshold intervals A o T .97 (Theorem 2)O(nL + ST (Theorem 3)Section TV-C and Section IV-D

Therefore, we ask a question in this paper. Can we re-
duce the worst-case time complexity of generating an exact
spatiotemporal K-function plot, without increasing the space
complexity? To provide an affirmative answer for this question,
we propose a pioneering solution, called Distribution-aNd-
Aggregation (DNA), which successfully reduces the worst-
case time complexity for generating an exact spatiotemporal
K -function plot with the commonly used fixed threshold inter-
vals (see Figure 4), i.e., 00 —01 =03—02 = ... =05 —05_1
and o, —m7 =73—T9 = ... =Tp —Tr_1, from O(LSTTLQ) to
O(Ln?+LSTn). In addition, we also extend DNA to generate
this plot with multiple threshold intervals (e.g., 01 = 100m,
o2 = 200m, o3 = 500m, o4 = 1000m, o5 = 2000m)
with a slight overhead, i.e., O(Ln?log ST + LSTn) time,
which is still faster than O(LSTn?). Furthermore, DNA
retains the same space complexity, which is O(nL + ST),
no matter which threshold interval type we consider. Table I
shows the theoretical results of all exact methods, including
the state-of-the-art range-query-based solution (RQS) (will
be discussed in Section III-B) and DNA, for generating a
spatiotemporal K -function plot. Experiment results on four
large-scale spatiotemporal datasets show that DNA achieves
speedups of 4.58x to 57.42x over the state-of-the-art methods
with nearly no space overhead. Here, we outline three main
contributions of this paper.

« We develop the first complexity-reduced solution, namely
DNA, for generating a spatiotemporal K-function plot
with fixed threshold intervals and multiple threshold
intervals.

o We utilize four large-scale location datasets, which be-
long to different categories, to verify that DNA can
significantly outperform the state-of-the-art methods in
terms of practical efficiency.

o We conduct a case study for showing how domain experts
simultaneously use the spatiotemporal K -function plot
with another point pattern analysis tool, called spatiotem-
poral kernel density visualization (STKDV), to analyze
the COVID-19 cases of the north district in Hong Kong.

The rest of the paper is structured as follows. We first
review the related work in Section II. Then, we discuss our
problem and the state-of-the-art solution in Section III. Next,
we illustrate our solution, DNA, in Section IV. After that, we
present the experiment results of all methods in Section V.
Lastly, we conclude this paper in Section VI.

II. RELATED WORK

We review three camps of research studies that are closely
related to this work.

Efficient methods for supporting K-function-related prob-
lems. In the literature, many efficient methods [45], [46],
[47], [48], [37], [49] have been developed for improving
the efficiency of solving K-function-related problems. De-
spite this, most of these research studies either combine
the parallel/distributed approach [46], [48], [37], [49] or the
modern hardware approach (e.g., GPU [49]) with existing
methods, which cannot reduce the time complexity for solving
the K -function-related problems. Furthermore, these methods
consume many computational resources (e.g., 384 CPUs and
96 GPUs have been adopted in [49]). However, domain experts
(e.g., criminologists) normally adopt the off-the-shelf software
packages, e.g., ArcGIS [28] and spatstat [30], for analyzing
their location datasets, who may not have enough computa-
tional resources. In addition, utilizing the parallel/distributed
and hardware-based approaches for improving the efficiency of
generating a spatiotemporal K -function plot is also orthogonal
to this work. Recently, Chan et al. [45] and Rakshit et al. [47]
propose the complexity-reduced algorithms for computing the
network K -function, which is the variant of our problem.
However, all these methods mainly adopt the properties of road
networks (e.g., sharing the shortest path distances [47] and
maintaining multiple sets of data points on each road [45]) in
order to reduce the time complexity of computing the network
K -function. Therefore, these two research studies cannot be
extended for generating a spatiotemporal K -function plot since
all data points of our problem lie in a three-dimensional space
(see Figures 3b and c). Furthermore, unlike our work, none of
these two research studies [45], [47] considers the optimization
opportunity with multiple spatial and temporal thresholds.

Efficient methods for supporting kernel density visualization
and its variants. In recent decades, many research studies [50],
[51], [52], [53], [54]1, [55], [56], [57], [58], [59] have been
proposed for supporting another important point pattern anal-
ysis tool, called kernel density visualization (KDV), which is
based on computing the kernel aggregation with respect to
data points. However, most of these research studies either (1)
cannot reduce the time complexity [51], [54], [58], [59] or
(2) can only provide the approximate result [51], [52], [53],
[54], [55], [56], [571, [58], [59] for solving the KDV problem.
Note that the state-of-the-art work [50] adopts the properties
of pixels (e.g., all pixels in a row have the same y-coordinate)
to develop the complexity-reduced solution for exactly solving
the KDV problem. However, since all data points for our prob-
lem do not have these properties, this solution [50] cannot be
extended for solving our problem. Recently, Chan et al. [60],
[61], [62] further develop complexity-reduced algorithms for



solving the KDV variants, which are network kernel density
visualization [60], [61] and spatiotemporal kernel density
visualization [62]. Like [50], both [60], [61] and [62] mainly
adopt the properties of lixels (i.e., the pixel in a road network)
and the properties of voxels (three-dimensional small cubes),
respectively, to develop these algorithms, which cannot be
extended for generating a spatiotemporal K -function plot (as
the data points in our problem do not have these properties).
Efficient indexing methods. Recall from Figures 3b and c
that we need to count those data points that are simultane-
ously within the spatial and temporal thresholds, ¢ and T,
respectively, from each data point in order to compute the spa-
tiotemporal K -function. Therefore, many indexing structures,
e.g., kd-tree [41], ball-tree [42], and range-tree [43], can be
used to boost the efficiency for computing a spatiotemporal
K -function. However, all of them cannot reduce the time
complexity for generating a spatiotemporal K -function plot
(see Figure 4), which will be discussed in Section III-B
in detail. Moreover, unlike our work, all these methods do
not exploit the optimization opportunity for multiple spatial
and temporal thresholds. Therefore, they provide the inferior
efficiency performance compared with our methods.
I1I. PRELIMINARIES

We first provide the formal definition of generating a
spatiotemporal K -function plot in Section III-A. Then, we
illustrate the state-of-the-art method, called range-query-based
solution (RQS), for solving this problem in Section III-B.
Table II summarizes the commonly used symbols of this paper.

TABLE II: Commonly used symbols.

[ Symbol [ Description ]
P Spatiotemporal dataset
Ry, Ro,..., R, L random datasets
n Number of data points
SIT Number of spatial/temporal thresholds
d(pi, pj)/d(tp;; tp;) Euclidean distance
oloy Spatial threshold (1 < u < S)
TITy Temporal threshold (1 <v <T)
Kp(o,T) Spatiotemporal K -function (for P)
Minimum/Maximum Spatiotemporal
L{o,T)U(o,7) K -function values for L random datasets
Roy 7 (Pistp;) Range query set of (pi, p,)
G Grid (with size S x T)
PC Prefix count array (with size S x T')

A. Problem Definition

In order to compute a spatiotemporal K-function for a
dataset, we need to count all data points that are within a
spatial threshold ¢ and a temporal threshold 7 (see the yellow
cylinders in Figures 3b and c), which is stated in Definition 1.

Definition 1. Given a spatiotemporal dataset P =

{(P1,tp1)s (P2stpy)s s (P tp, )} with size n, a spatial
threshold o, and a temporal threshold T, the spatiotemporal
K-function Kp(o,T) is defined as follows.

Z Z Z(d(pi, P;) < 0,d(tp;, tp;) < T)
(pivtpi>€P (pj,tpj)GP
J#i

Kp(o,7) =

(€]

where I and d denote the indicator function and the Euclidean
distance function, respectively.

With the definition of the spatiotemporal K-function, we
formally define the problem of generating a spatiotemporal
K -function plot (see Figure 4) in Problem 1.

Problem 1. Given a location dataset P with size n, L random
datasets Ry, Rs,..., Ry (with the same size n), S spatial
thresholds o1, 09,..., 05 (01 < 02 < ... < 0g), and T temporal
thresholds 11, To,..., 77 (11 < 79 < ... < T7), generating a
spatiotemporal K -function plot needs to compute Kp(o,T)
(see Equation 1), L(o,T) (see Equation 2), and U(o,T) (see
Equation 3) for each pair of (o, T), where o can be o1, 03,...,

os and T can be T, To,..., TT.

L(o,7) = min(Kg, (0,7), Kr,(0,7), ... Kr, (0,7)) (2)
U(o,7) = max(Kg,(0,7),Kg,(0,7),..., Kg,(0,7)) (3)
In this paper, we investigate two types of threshold intervals,
namely (1) fixed threshold intervals and (2) multiple threshold
intervals. For the fixed threshold intervals [38], [39], [34], the
spatial (temporal) thresholds follow o9 —01 = 03 —02 = ... =
0g —0g5_1 (g —T1 = T3 — T = ... = T — Tr_1), Which
are the commonly used way to generate a spatiotemporal K-
function plot. For the multiple threshold intervals [63], [64],
[65], [66], we do not have any assumption for those spatial
and temporal thresholds.

B. Range-Query-based Solution (RQS)

Observe from Equation 1 that only those data points
(pj,tp,) that are within the spatial threshold o and the tem-
poral threshold 7 from each data point (p;, tp,) can contribute
to the spatiotemporal K -function (see the yellow cylinders in
Figures 3b and c). Therefore, one possible approach is to first
find the range query set R, ,(p;,tp,) from each data point
(pi, tp,;), where

c P . d(pzapj) S Uad(tpiatpj) S T
JFi
“)

Then, based on R, (p;, tp,), We can compute the spatiotem-

i

poral K-function based on the following expression.

Kp(o,7) = Z |Ra,r(Pi»tpi)
(p,‘,,tpi )GP

R (Pi tp,) = {(pj i tp; )

&)

In practice, many tree-based indexing structures, including
kd-tree [41], ball-tree [42], and range-tree [43], have been
developed for improving the efficiency of solving the range
search problem (i.e., efficiently finding R, ;(p;,tp,)), which
can also be adopted for efficiently computing Kp(o,7) and
generating a spatiotemporal K -function plot. Despite this,
since those spatial thresholds oy, 02,..., o0g and temporal
thresholds 7y, 7o,..., 77 can be very large theoretically (e.g.,
tend to 00), the cardinality |R, ,(p;,?p,)| can be n (i.e., the
same as the size of P) for all (o, 7)-pairs in the worst case.
As such, using this method to compute a spatiotemporal K-
function takes O(n?) time, which indicates that the worst-case
time complexity of generating a spatiotemporal K -function
plot (see Problem 1) remains in O(LSTn?).



IV. DISTRIBUTION-AND-AGGREGATION SOLUTION (DNA)

In this section, we first discuss the main idea of
our Distribution-aNd-Aggregation (DNA) solution in Sec-
tion IV-A. Based on the main idea, we then illustrate the DNA
solution with fixed threshold intervals in Section IV-B, which
can significantly reduce the worst-case time complexity for
generating an exact spatiotemporal K -function plot. Next, we
further investigate our DNA solution with multiple threshold
intervals in Section IV-C. Lastly, we investigate the space
complexity of DNA in Section IV-D.

A. Main Idea of DNA

Recall from Equation 5 that we can efficiently compute
a spatiotemporal K-function if we can efficiently compute
the cardinality |R, ,(p;,tp,)| for each data point (p;,tp,).
Moreover, in order to generate a spatiotemporal K -function
plot (see Problem 1), we also need to compute ST cardinalities
IRe., 7, (Pi, tp, )| with respect to S spatial thresholds, where
1 <wu < S, and T temporal thresholds, where 1 < v < T, for
each location data point (p;,tp,), which can be represented
by Figure 5 (e.g., |[Ro, . (Pi, tp; )| = 8 denotes the number of
black data points inside the green region).

d(tpy b))

L7 — ;
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Fig. 5: The main idea of DNA, where the range query set
Ry 7, (Pi, tp,) with the largest spatial threshold o5 and the
largest temporal threshold 74 (i.e., those black data points
in the yellow and green regions) contains enough black data
points for finding range query sets with smaller spatial and
temporal thresholds, e.g., R,, -, (Pi,tp,) (see the black data
points in the green region).

In Figure 5, observe that the range query set R, -, (Pi, tp;)
with the largest spatial threshold og and the largest temporal
threshold 77 contains enough black data points for finding
Ro., .7, (Ps, tp,) With other spatial and temporal thresholds (i.e.,
oy, and 7, respectively), which indicates that these range query
sets exhibit the following coverage property.

RUuﬂ'v (pwtpl) g RUs,TT (pz7tp1) (6)
where ]l <u<Sand1<v<T.

B. DNA with Fixed Threshold Intervals

In this section, we illustrate the DNA solution, which con-
sists of two steps, namely (1) distribution and (2) aggregation.
Distribution. Recall from the coverage property (see Equa-
tion 6) that the range query set R, ;.. (pi, tp,) with the largest
spatial threshold og and the largest temporal threshold 7
contains enough information for computing R, -, (P, tp;)s
where 1 < v < S and 1 < v < T. Therefore, instead

of computing R, -, (p;,tp,) from scratch for each (o, 7,)-
pair, we first find the range query set R, .. (pi,tp;). Then,
by dividing the (d(pi, p;), d(tp,,tp,))-plane into S x T' grid
cells, we can distribute this set of data points R, .. (P, tp,)
into different grid cells (see Figure 6), where G(u, v) denotes
the number of data points that are inside the grid cell (u,v)
(see Equation 7).

ou-1 < d(pi, pj) < ou
Tv-1 < d(tpq'vtpj) < Ty

@)
where we let the dummy variables o and 7y to be 0-.2

R ) (p:t )
ditp,ty)

G(u,v) = '{(pjatpj) € RO’SvTT(p'L>tpi) :

> d(pi’ p])

Fig. 6: Once we have obtained the range query set
Rs, -, (Pi,tp,) with the largest spatial threshold o5 and the
largest temporal threshold 74 (i.e., S = 5 and T = 4, respec-
tively), those data points in R, -, (pi,?p;) can be distributed
to other grid cells (see the black dashed arrows).

The detailed pseudocode can be found in Algorithm 1. In
Lemma 1, we further state that the time complexity of this
step is O(n + ST) for each data point (p;, tp, ).

Algorithm 1 Distribution (Step 1)

1: procedure DISTRIBUTION(Data
spatial thresholds , 08,
T1y T2y -0y TT)

2 Obtain Ry (Pis tp,) > Section III-B

3: Initialize the grid G with S x T grid cells, i.e., set
G(u,v) =0, where 1 <u<Sand 1 <v<T

point  (p;,tp,),

01,02, ... temporal thresholds

4 for each point (pja tpj) € RUS,TT (pi7 tpf;) do
5 Find u such that 0,1 < d(p;, p;) < ou

6: Find v such that 7,1 < d(tp,,tp,) < Ty

7 G(u,v) + G(u,v) +1

8 Return G

Lemma 1. Given a data point (p;,tp,), S spatial thresholds,
and T’ temporal thresholds, the time complexity of the distri-
bution step is O(n + ST).

Proof. Note that the time complexity of finding the range
query set R, .. (Pi,tp,) and initializing the grid G is O(n)
(with 0g — o0 and 77 — oo in the worst case) and
O(ST) time, respectively. Therefore, line 2 and line 3 of

2Mathematically, 0~ means a value that is (1) smaller than 0 and (2)
arbitrarily close to 0.



Algorithm 1 take O(n + ST) time. In addition, since we
generate a spatiotemporal K -function plot with fixed threshold
intervals (i.e., 09 — 01 = 03 — 09 = ... = 0g — 05_1 and
To —T1 = T3 —To = ... = T — Tr—1), this algorithm takes
O(1) time for finding the correct positions of « (line 5) and v
(line 6) in order to update the number of data points G(u,v)
of the grid cell (u,v). Therefore, the time complexity of line 4
is O(n) throughout all iterations. With the above discussion,
we can conclude that the time complexity of this distribution
step (i.e., Algorithm 1) is O(n + ST). O
Aggregation. Observe from Figure 5 that computing the value
[Re., 7, (Pi, tp,)| is equivalent to aggregating the number of
data points that are inside a rectangular region (which covers
several grid cells). As an example, finding |R,, -, (P:,tp,)|
is equivalent to aggregating all data points inside the green
region that consists of 12 grid cells (see Figure 5). Hence, we
adopt the idea of [67] and build the prefix count array, PC (see
Equation 8), for the grid G (in Figure 6) in order to efficiently
compute [R,, -, (Pi;tp,)

G(u,v) ifu=1lLv=1

PC(u — 1,v) + G(u,v) ifutluv=1

PC(u,v) = { PC(u,v — 1) + G(u,v) ifu=1v#1
PC(u — 1,v) + PC(u,v — 1)

—PC(u —1,v— 1)+ G(u,v) fu#lo#1

®)

Figure 7b shows the prefix count array for the grid G (see
Figure 7a) of Figure 5. Observe that the values 8 and 17
(in the green cell and the yellow cell of Figure 7b) indicate
the aggregate values of the green region and the both regions
(with yellow and green), respectively, of G (see Figure 7a).
Therefore, we can conclude that |R,, -, (pi,tp,)| = PC(u,v)
(see Lemma 2).

Lemma 2. Given a data point (p;,tp,) and a prefix count
array PC for a grid G, we have

|R0u VT (pi’ tp, )‘ = P(C(’U,, U) ©)

Hence, we only need to construct the prefix count array PC
(based on Equation 8)° and then scan this array in order to
obtain the values |R,, -, (Pi,tp,;)| with all pairs of spatial and
temporal thresholds (o, 7). The detailed pseudocode can be
found in Algorithm 2.

In Lemma 3, we state that the time complexity of this
aggregation step is O(ST).
Lemma 3. Given a data point (p;,tp,), S spatial thresholds,
T temporal thresholds, and the grid G, the time complexity of
the aggregation step is O(ST).
Proof. Since computing PC(u,v) (line 6) and RA(u,v)
(line 7) only takes O(1) time, which is based on Equation 8,
the time complexity of line 4 to line 7 is O(ST) (with
ST iterations in total). Moreover, the initialization of the
prefix count array PC and the result array RA (line 2 and

3By adopting the increasing lexicographical order of the variables v and
u (i.e., increase v and then increase u), PC(u — 1,v), PC(u,v — 1), and
PC(u—1,v—1) must be available before computing PC(u, v) in Equation 8.

Algorithm 2 Aggregation (Step 2)

1: procedure = AGGREGATION(Data
spatial thresholds o1,09,...,05,
T1,T2y ey TT Grid G)

2: Initialize the prefix count array PC, with S x T grid
cells, i.e., set PC(u,v) = 0, where 1 < u < S and 1 <
v<T

3: Initialize the result array RA with S x T values, where
RA(u,v) means R, - (Pi,tp,)|

4 for w < 1to S do

5 for v < 1 to T do

6: Compute PC(u, v)

7

8

point
temporal

(pl ) tpi ) ’
thresholds

> Equation 8

RA(u,v) + PC(u,v) > Lemma 2

Return RA(u,v) for all threshold pairs (u, v)

line 3, respectively) also takes O(ST') time. Hence, the time
complexity of this aggregation step (i.e., Algorithm 2) is
O(ST). O
DNA. With these two steps, distribution and aggregation, for
each data point (p;,tp,) in a dataset P, we can compute
the spatiotemporal K-function value with respect to each pair
of spatial threshold o, and temporal threshold 7, (i.e., ST
spatiotemporal K-function values in total) for a dataset P.
The detailed pseudocode can be found in Algorithm 3.

Algorithm 3 DNA

1: procedure DNA (Spatiotemporal dataset P, spatial thresh-
olds 01,09, ...,05, temporal thresholds 71, 7, ..., 77)

2: Initialize K to be an array with size S x T, i.e., set
K(u,v) = 0 (which stores the K-function value of P
with the spatial threshold o, and the temporal threshold
Ty), Where l <u< Sand 1 <o <T

3 for each (p;,tp,) € P do

4 /IStep 1 (call Algorithm 1)

5: G <+ DISTRIBUTION((Pi, tp; ), 01y -ery TSy T1y eoey TT)

6: //Step 2 (call Algorithm 2)

7.

8

9

RA + AGGREGATION((p;, tp, ), 01, ..y 05, T1, ooy 1, G)
for 1 <u<Sdo
: for 1 <v<T do
10: K(u,v) + K(u,v) + RA(u,v)
11: Return K

In Theorem 1, we state that the time complexity of DNA
for generating a spatiotemporal K -function plot (i.e., solving
Problem 1) is O(Ln? + LSTn).

Theorem 1. The time complexity of using DNA to generate
a spatiotemporal K-function plot (see Problem 1) with fixed
threshold intervals is O(Ln? + LSTn).

Proof. In Algorithm 3, note that we need to call the distribu-
tion method (i.e., Algorithm 1) in line 5 and the aggregation
method (i.e., Algorithm 2) in line 7 for each data point
(pi,tp;) in the dataset P (i.e., for each iteration of line 3),
which take O(n + ST) time (see Lemma 1) and O(ST)
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Fig. 7: The prefix count array PC (in (b)) is constructed for the grid G (in (a)) of the example in Figure 5.

time (see Lemma 3), respectively. Furthermore, it also takes
O(ST) time for updating the K-function values (i.e., line 8
to line 10). Hence, the time complexity of line 3 to line 10 is
O(n(n+ ST)) = O(n?+ STn). In addition, the initialization
step in line 2 takes O(ST') time. Therefore, we can conclude
that the time complexity of DNA is O(n? + STn).

Recall from Problem 1 that we need to compute ST K-
function values for L + 1 datasets in order to generate a
spatiotemporal K -function plot. As such, the time complexity
of using DNA, by calling it L + 1 times, for generating a
spatiotemporal K -function plot is O(Ln? + LSTn). O

Compared with the existing solution, RQS (see Sec-
tion III-B), which takes O(LSTn?) time for generating a
spatiotemporal K -function plot, DNA can further reduce the
time complexity (see Theorem 1) for supporting this tool.

C. DNA with Multiple Threshold Intervals

Although fixed threshold intervals have been frequently
adopted for generating a spatiotemporal K-function plot,
domain experts [63], [64], [65], [66] can possibly choose
multiple threshold intervals for analyzing location datasets
in practice. As an example, they can choose 50m, 100m,
200m, 400m, and 800m as the spatial thresholds. Under
this setting, each grid cell in Figure 5 does not have the
same size. Therefore, after we have obtained the range query
set Ry 7p(Pi,tp,) (with the largest spatial and temporal
thresholds, og and 7, respectively), the distribution step of
DNA needs to utilize the binary search method to assign
each data point (p;,tp;) (in Rog - (Pi,tp,)) into different
grid cells (see Figure 6), which incurs the additional time
complexity O(log S +logT) = O(log ST') for each (pj,tp,; ).
Therefore, the time complexity of the distribution step be-
comes O(nlog ST + ST) (instead of O(n + ST) time in
Lemma 1). With this overhead, we further conclude that the
time complexity of DNA is O(Ln?log ST + LSTn) for
generating a spatiotemporal K -function plot with multiple
threshold intervals (see Theorem 2). Due to its simplicity, we
omit this proof in this paper.

Theorem 2. The time complexity of using DNA to generate a
spatiotemporal K-function plot (see Problem 1) with multiple
threshold intervals is O(Ln?log ST + LSTn).

Although there is an additional O(log ST') factor in the
time complexity of our method, DNA can still theoretically

outperform the state-of-the-art RQS method (with O(LSTn?)
time) under this setting.

Additional Improvement. Note that the main bottleneck of
using DNA with multiple threshold intervals is that we need
to utilize the binary search method in the distribution step.
However, those spatial and temporal thresholds may still
follow some regular patterns (e.g., o, = f(u) and 7, = h(v))
in practice, which can be adopted to get rid of that O(log ST')
factor. As an example, the spatial thresholds, 50m, 100m,
200m, 400m, and 800m, can be represented by a simple
function o, = 50x 2%, where 1 < u < 5. Here, we state that
we can find the correct grid cell (u,v) in O(1) time for each
data point in Ry ;.. (ps, tp,) (see Figure 6) if (1) the function
f and the function h are strictly monotonic increasing and
(2) the inverse of these functions, i.e., f~' and h~!, can be
computed in O(1) time (see Lemma 4).*

Lemma 4. Given any data point (pj,tp,) in Ryy 0 (Pi, tp, )
S spatial thresholds, and T temporal thresholds, where o, =
flw) (1 <u<S8)and 7, = h(v) (1 < v < T), the correct
grid cell (u,v) for (pj,tp;) can be found in O(1) time if
(1) the function f and the function h are strictly monotonic
increasing and (2) the inverse of these functions, i.e., f ' and

h=Y, can be computed in O(1) time.

Proof. Suppose that f is strictly monotonic increasing. f !
is also strictly monotonic increasing [68]. Therefore, we can
conclude that u — 1 < f~'(d(pi,p;)) < u if o1 <
d(pi,pj) < oy. Therefore, if f~! can be computed in O(1)
time, we can correctly identify that d(p,, p;) is in the region
(u—1,u] in O(1) time. Similarly, we can also easily extend
the above proof to the function h. O
As a remark, these two conditions can be easily fulfilled by
commonly used functions, e.g., the exponential function (i.e.,
obtaining a spatiotemporal K -function plot with log scale in
the axes of spatial threshold and temporal threshold).
D. Space Complexity of DNA

Recall that generating a spatiotemporal K -function plot
needs to access L + 1 dataset (with size (L + 1)n) and obtain
the spatiotemporal K-function values for ST spatial-temporal
threshold-pairs (see Figure 4). The space complexity of every
algorithm is at least O(nL + ST).

4We can replace line 5 and line 6 of Algorithm 1 by “Set [ £ ~*(d(p;, p;))]
as u” and “Set [hfl(d(tp,i,tpj )] as v”.



Since our method, DNA, needs to call the RQS method
for each data point (p;,tp,) with the largest spatial thresh-
old og and the largest temporal threshold 77, which takes
O(n) auxiliary space, and then distribute these data points of
Rog,7r(Pi, tp;) into ST grid cells (see Figure 6), which takes
O(n + ST) auxiliary space. As we can clear the auxiliary
space after processing each data point (p;,tp,), the space
complexity of DNA remains in O(nL + ST). Based on
the above discussion, Theorem 3 formally states the space
complexity of DNA.

Theorem 3. The space complexity of using DNA to generate
a spatiotemporal K-function plot is O(nL + ST).

V. EXPERIMENTAL EVALUATION

In this section, we first discuss the experiment settings in
Section V-A. Then, we conduct the time efficiency experi-
ments of different methods for generating a spatiotemporal K-
function plot with fixed threshold intervals and multiple thresh-
old intervals in Section V-B and Section V-C, respectively.
After that, we conduct the space efficiency experiments of
different methods for generating a spatiotemporal K -function
plot in Section V-D. Lastly, we further conduct a case study for
illustrating how to simultaneously adopt this spatiotemporal
K -function plot and another point pattern analysis tool, called
spatiotemporal kernel density visualization (STKDV) [69],
[70], [62], for analyzing COVID-19 cases in the north district
of Hong Kong [40] in Section V-E.

A. Experiment Settings

In our experiments, we adopt four large-scale spatiotem-
poral datasets (see Table III), for testing the efficiency per-
formance of different methods in Table I. The main reason
for choosing these datasets is that they cover different cate-
gories (of application domains). Specifically, we choose three
commonly used tree structures, including kd-tree [41], ball-
tree [42], and range-tree [43], for finding the range query
set R, - (ps,tp,) in RQS (see Section III-B), namely RQSyq,
RQSpa, and RQS;.nge, respectively. In addition, the imple-
mentation of DNA also chooses the kd-tree for obtaining the
range query set. We implemented all these methods in C++ and
conducted experiments on an Intel i7 2.9GHz PC with 32GB
memory. In this paper, we use the response time (sec) and the
memory space (MB) for measuring the time efficiency and
space efficiency, respectively, for generating spatiotemporal
K -function plots of different methods. As a remark, we omit
the results that are more than 259,200 sec (i.e., three days).

TABLE III: Datasets.

[ Name [ n [ Category [ Ref. |
Seattle 236,136 Traffic accidents | [71]
Atlanta 363,861 Crime events [72]

Los Angeles 559,861 Bicycle mobility | [73]
New York 1,541,284 | Traffic accidents | [74]

B. Time Efficiency Experiments: Fixed Threshold Intervals

In this section, we test the efficiency of all methods for gen-
erating a spatiotemporal K -function plot with fixed threshold
intervals. To conduct our experiments, we adopt o, = 2030%

and 7, = &

= 577 to choose S spatial thresholds and 7" temporal

thresholds, respectively, with fixed threshold intervals. By
default, we set S = 5 spatial thresholds (i.e., 400m, 800m,
1200m, 1600m, and 2000m), 7" = 5 temporal thresholds (i.e.,
2.8 days, 5.6 days, 8.4 days, 11.2 days, and 14 days), and
L = 1 random dataset for testing. Here, we show the following
four experiments.

Varying the number of data points. In order to investigate
how the number of data points affects the response time of
each method, we first randomly sample each dataset with
four sampling ratios, which are 25%, 50%, 75%, and 100%
(original dataset), and then measure the response time of all
methods with respect to each sampling ratio. Since DNA (with
O(Ln?+ LSTn) time) can significantly reduce the worst-case
time complexity for generating a spatiotemporal K -function
plot compared with RQSy4, RQSpai, and RQS;ipge (With
O(LSTn?) time), DNA achieves 10.16x to 18.11x speedups
over these three state-of-the-art methods (see Figure 8).
Varying the number of spatial thresholds. We proceed to
test how the number of spatial thresholds S affects the time
efficiency of all methods. To conduct this experiment, we first
choose five values of .S, which are 5, 10, 15, 20, and 25, and
then test the response time of each method with respect to
each S. Figure 9 shows the results of all methods. Observe
that the higher the value of S, the longer the response time of
RQSx4, RQSpaii, and RQSange. The main reason is that the time
complexity of these methods is O(LSTn?), which is linearly
proportional to S. Since the time complexity of DNA is only
O(Ln? + LSTn) (i.e., it is dominated by the first term), the
response time of DNA is not sensitive to S. As such, DNA (1)
achieves 10.16x to 55.25x speedups and (2) is more scalable
to S compared with RQSyq, RQSpan, and RQSange.

Varying the number of temporal thresholds. We further
examine how the number of temporal thresholds 7" affects the
response time of each method. To conduct this experiment,
we first choose five values of 7', namely 5, 10, 15, 20, and
25. Then, we measure the response time of each method with
respect to each T'. Like the discussion for the experiment of
varying the number of spatial thresholds, the response time
of DNA (1) can achieve 10.16x to 57.42x speedups and (2)
is more scalable to T' compared with RQSkq, RQSpuy, and
RQS;ange (see Figure 10).

Varying the number of random datasets. In this experiment,
we test how the number of random datasets L affects the time
efficiency of all methods. To conduct this experiment, we first
choose four numbers of random datasets L, which are 1, 2,
3, and 4, and then test the response time of each method
with respect to each L. Figure 11 shows the results of all
methods. Observe that the larger the number L, the longer the
response time of all methods. The main reason is that the time
complexity of each method is linearly proportional to L (see
Table I). With the lower time complexity of DNA, it achieves
10.16x to 15.81x speedups over RQSkq, RQSp1, and RQS nge-

C. Time Efficiency Experiments: Multiple Threshold Intervals

In this section, we investigate the time efficiency of differ-
ent methods for generating a spatiotemporal K -function plot
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with two types of multiple threshold intervals, which are the
(1) random pattern and (2) exponential-function pattern. By
default, we also set S, T, and L to be 5, 5 and 1, respectively.
Random pattern. To generate spatial thresholds and temporal
thresholds based on random pattern, we randomly choose S
and T thresholds within the range from 0 to 2000m and within
the range from O to 14 days, respectively.

In the first experiment, we choose five values of S, which
are 5, 10, 15, 20, and 25, for testing the response time of
each method with respect to each S. Figure 12 shows the
results of all methods. Although DNA suffers from additional
O(log ST) time overhead compared with the one with fixed
threshold intervals, this method can still achieve 9.01x to 41.1x
speedups compared with RQSyq, RQSpai, and RQS,pge.

In the second experiment, we measure the response time
of all methods in each dataset by varying T' (from 5 to 25).
Figure 13 shows the results of all methods. Observe that
the larger the parameter 7', the larger the time gap between
RQSk4/RQSpaii/RQSange and DNA. Note that DNA can out-
perform these existing methods by 9.01x to 35.69x no matter

which 7" we adopt.

Exponential-function pattern. In this experiment, we adopt
the exponential functions, 2000 x 2u=5 and 14 x 2v- 7T,
for obtaining the sequence of S spatial thresholds and the
sequence of T' temporal thresholds, respectively. Using S = 5
and 7" = 5 as an example, the spatiotemporal K -function
plot contains five spatial thresholds with 125m, 250m, 500m,
1000m, and 2000m and five temporal thresholds with 0.875
days, 1.75 days, 3.5 days, 7 days, and 14 days.

In the first experiment, we choose five values of S, which
are 2, 3, 4, 5, and 6, for testing. Observe from Figure 14 that
the response time of DNA and DNA,; (using the additional
improvement approach that is stated in Section IV-C) is not
sensitive to this parameter S. The main reason is that the
dominant term of the time complexity of DNA/DNA,; only
logarithmically increases/does not increase with respect to S.
Due to the low time complexity of DNA and DNA 4|, these two
methods can achieve 4.58x to 45.93x speedups compared with
RQSkq, RQSpai, and RQS,nge. As a remark, DNA4; achieves
1.18x to 2.15x speedups over DNA.



105§W‘1 105@;%/‘a 1
o T
AL S | gt
(] (]
E10%F RQSky —5— 1 E£10%
= RQSpal —©— =

102 RQSgnge —*— 1 102

DNA —+—
101 L L 101 L L L
5 10 15 20 25 5 10 15 20 25

Number of spatial thresholds S

(a) Seattle

Number of spatial thresholds S

(b) Atlanta

108 108 T T T

105% 1 1o p—t+—+——+—7
o o
gt——+—+ 810tk
E10° Eioc}
= =

102 102 ¢

101 1 1 1 101 ! ! !

5 10 15 20 25 5 10 15 20 25

Number of spatial thresholds S

(c) Los Angeles

Number of spatial thresholds S

(d) New York

Fig. 12: Response time for generating a spatiotemporal K -function plot, varying the number of spatial thresholds S (following

the random pattern).
108 ‘ ‘ ‘ 108

10515;‘,“_/@:W5%g i 1osf—R—

o
gwty 10—+

£103 RQSy —5— 1 2103
=, RQSpg —&— =,
102 b RQSance —%— 1 102
1 D AA

5 10 15 20 25
Number of temporal thresholds T

(b) Atlanta

5 10 15 20 25
Number of temporal thresholds T

(a) Seattle

108 108 ‘ ‘ ‘

105% ] 105 ﬁ———?‘*‘jr
g s
gt o 8104k
E10° Ero°}
= [

102 1 102

1 L L L o! L L L

5 10 15 20 25
Number of temporal thresholds T

(d) New York

5 10 15 20 25
Number of temporal thresholds T

(c) Los Angeles

Fig. 13: Response time for generating a spatiotemporal K -function plot, varying the number of temporal thresholds 7" (following

the random pattern).

105 r = 108 r - .
5%&'
108 bﬁ;g:ﬂﬂ‘a
104 1
o s 8
I O T R S e w—
3 105F RQSy —=— 1 v F A 4
3
£ RQSpq —©— E10°F
= 102 b RQSange —*— | =
DNA —+— 102 f
DNAp —2—
10! h Al 10! L L L
2 3 4 5 6 2 3 4 5 6

Number of spatial thresholds S

(a) Seattle

Number of spatial thresholds S

(b) Atlanta

108 - - - 108 - - -
10— ) S |
o o
8§10t % L 810tk
£10 g10%}
= =
102 102 |
101 1 1 1 101 ! ! !
2 3 4 5 6 2 3 4 5 6

Number of spatial thresholds S Number of spatial thresholds S

(c) Los Angeles (d) New York

Fig. 14: Response time for generating a spatiotemporal K-function plot, varying the number of spatial thresholds S (following

the exponential-function pattern).

108 . = 108 T T T
Ei/ﬂé‘r s
S0 3 10 g
o o
I e e— — — 2104 L
2 103} RQSyy —E— | Y &
£ RQSpg —— E103
= 102 ¢ RQSrange —*— | =
DNA —+— 102 |
DNAy —2—
10! L AL 10 L L L
2 3 4 5 6 2 3 4 5 6

Number of temporal thresholds T Number of temporal thresholds T

(a) Seattle (b) Atlanta

108 " " " 108 : : :
g ——— 1
1054 —s—=—= | 108
o o
§10 g0}
g10° g1k
= [
102 102
101 L L L 101 i i i
2 3 4 5 6 2 3 4 5 6

Number of temporal thresholds T

(c) Los Angeles

Number of temporal thresholds T

(d) New York

Fig. 15: Response time for generating a spatiotemporal K -function plot, varying the number of temporal thresholds 7" (following

the exponential-function pattern).

In the second experiment, we choose five values of 7', which
are 2, 3, 4, 5, and 6, for testing. Figure 15 shows the results
of all methods. Due to the similar reason as the first experi-
ment, DNA and DNA,; can outperform RQSyq4, RQSpay, and
RQSange by 4.83x to 42.94x. Furthermore, DNA,; achieves
1.18x to 2.18x speedups over DNA.

D. Space Efficiency Experiments

We further investigate the space efficiency of each method
for generating a spatiotemporal K-function plot with fixed
threshold intervals by conducting the following experiments,
which are (1) varying the number of data points, (2) varying
the number of random datasets L, (3) varying the number of
spatial thresholds, and (4) varying the number of temporal
thresholds. By default, we choose the number of spatial
thresholds S, the number of temporal thresholds 7', and the
number of random datasets L to be 5, 5, and 1, respectively

(i.e., follow the same default settings as Section V-B). As a
remark, we omit those results which take more than three days
(i.e., 259,200 sec) to run. Due to space limitations, we only
adopt the Seattle and Atlanta datasets for the experiments (3)
and (4).

Varying the number of data points. In this experiment, we first
sample each dataset with four sampling ratios, which are 25%,
50%, 75%, and 100% (original one). Then, we measure the
space consumption of each method in these reduced datasets.
Observe from Figure 16 that the memory space consumption
of all methods, including RQSk4, RQSpai1, RQS ange, and DNA,
is proportional to the dataset size n since the space complexity
of all these methods is O(nL + ST) (see Table I). Note that
RQS;ange takes comparatively larger memory space compared
with other methods since this method needs to construct
multiple tree structures.
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Fig. 18: Memory space consumption for generating a spatiotemporal K -function plot, varying the number of spatial thresholds
S (a and b) and the number of temporal thresholds 7" (¢ and d).

Varying the number of random datasets. We proceed to
investigate how the number of random datasets L affects the
memory space consumption of all methods. To conduct this
experiment, we choose L to be 1, 2, 3, and 4 for testing.
Figure 17 shows the results of all methods. Since the space
complexity of all these methods is O(nL + ST) (where nL
is normally much larger than ST in practice), the memory
space consumption of all these methods is proportional to this
parameter L. With the same space complexity of DNA, RQSyq,
RQSpaii, and RQS;nee, these methods have similar memory
space consumption no matter which L we choose.

Varying the number of spatial thresholds. In this experiment,
we test how the number of spatial thresholds S affects the
memory space consumption of each method by choosing five
values of S, which are 5, 10, 15, 20, and 25. Observe from
Figures 18a and b that the memory space consumption of each
method is not sensitive to S and is similar to each other. The
main reason is that the space complexity of each method is
O(nL + ST) (see Table 1) and n is much larger than ST.
Varying the number of temporal thresholds. Here, we also
choose five values of T, which are 5, 10, 15, 20, and 25,
for testing the memory space consumption of each method.
Based on the similar reason, we note that the memory space
consumption of each method is also not sensitive to 7" and is
similar to each other (see Figures 18c and d).

Further discussion. We do not test the practical space con-
sumption for generating a spatiotemporal K -function plot with
multiple threshold intervals. However, we expect the results to

be similar to previous experiments because DNA only uses the
binary search (or the functions f~! and h~! in Lemma 4) in
the distribution algorithm. This incurs no space overhead.
E. Case Study

In practice, domain experts simultaneously adopt the spa-
tiotemporal K-function plot and other point pattern analy-
sis tools, e.g., clustering [39], [35] and hotspot detection
tools [69], [37], [75], for analyzing location datasets. In this
section, we illustrate (1) how to understand the implication
of COVID-19 cases in the north district of Hong Kong based
on the spatiotemporal K -function plot (see Figure 4), (2) how
to use spatiotemporal kernel density visualization (STKDV),
which is a hotspot detection tool, with the spatiotemporal K-
function plot to identify meaningful (or significant) hotspots
of COVID-19 cases in the north district of Hong Kong, and
(3) how DNA can benefit this analysis task.
Understand the implication of COVID-19 cases based on
the spatiotemporal K-function plot. Recall from Figure 4 that
this is the spatiotemporal K -function plot of the COVID-19
cases in the north district of Hong Kong. Observe that those
COVID-19 cases tend to have significant clusters if we adopt
small spatial thresholds and small temporal thresholds. Once
the spatial threshold is set to be very large (e.g., > 10000m),
those COVID-19 cases tend to be random/dispersed, especially
for relatively large temporal thresholds (e.g., more than 8
days). Furthermore, another observation is that the larger
the temporal thresholds, the higher the possibility for those
COVID-19 cases to be random/dispersed (under the same



spatial threshold). Therefore, we should avoid discovering
a hotspot/cluster with a large spatial threshold and a large
temporal threshold simultaneously (i.e., the ranges where the
green surface is below the red and blue surfaces in Figure 4).
Identify meaningful (or significant) hotspots of COVID-
19 cases. Here, we adopt STKDV to identify spatiotemporal
hotspots of the COVID-19 cases in the north district of Hong
Kong (see Figure 19). To generate these hotspot maps, we
color each pixel-timestamp pair (i.e., (q,;)-pair) based on
the following spatiotemporal kernel density function Fp(q, ¢;)
(with the Epanechnikov kernel function).

1 1 — 5—d(q,p)*
fp(q,ti)zW > { Bpace

(p,tp)EP

' {1 — b%d(ti,tp)Q if d(ti,tp) < bime

if d(q, p) < bspace
otherwise

time

0 otherwise

Note that the spatial bandwidth by,c. and the temporal band-
width by, can significantly affect the hotspot maps. Therefore,
there are two challenges. First, it can be challenging to set the
correct values for these two parameters. Second, although we
have discovered high-density regions in hotspot maps, it is still
unknown whether they are significant/meaningful.

-

w

(a) 24 December 2022 (b) 29" December 2022
(c) 3" January 2023 (d) 8™ January 2023

Fig. 19: Using STKDV to generate the spatiotemporal hotspot
maps using the spatial bandwidth bgpace = 1000m and the
temporal bandwidth by, = 4 days.

To tackle the above challenges, domain experts [37], [75]
normally utilize the spatiotemporal K -function plot. Observe
from Figure 4 that we should restrict bspace and bime to be a
spatial threshold and a temporal threshold, respectively, so that
the green surface is above the blue surface, which implies that
these parameters can likely detect meaningful hotspots. Hence,
we choose bgpace to be 1000m and b to be 4 days for gen-
erating the hotspot maps in Figure 19. Furthermore, we note
that the sizes (e.g., the maximum lengths) of these hotspots
(red regions) are normally smaller than Skm. Therefore, based
on the spatiotemporal K-function plot (see Figure 4), we can
conclude that these hotspot regions are significant/meaningful.
Adopt DNA for benefiting this analysis task. We proceed to
investigate the time efficiency for generating this spatiotem-
poral K -function plot (with L = 2 random datasets, S = 60
spatial thresholds, and 7" = 20 temporal thresholds) for those
COVID-19 cases. Table IV shows the results of all methods.

TABLE IV: Response time (sec) of each method for generating
the spatiotemporal K -function plot in the COVID-19 cases.
l Method [ RQSk4 [ RQSpan [ RQSmnge [ DNA l
[Time (seconds) | 141679 | 130385 | 122195 | 921.86 |

Observe that DNA can further achieve at least 132.55x
speedups for generating this plot compared with existing
methods. Therefore, instead of waiting for more than one
day to obtain this plot, domain experts only need to wait
for roughly 921.86 seconds (i.e., 15.36 minutes) by adopting
DNA. As such, they can perform detailed analysis by gen-
erating more spatiotemporal K -function plots for those data
points in different regions of Hong Kong (e.g., Kwun Tong
district and Mong Kok District).

VI. CONCLUSION

In this paper, we study the problem of generating a spa-
tiotemporal K-function plot, which is an important point
pattern analysis tool that has been frequently used in a wide
range of applications, e.g., criminology, transportation science,
urban planning, and epidemiology. However, the state-of-the-
art solution, i.e., RQS, suffers from high time complexity
(with O(LSTn?) time) for supporting this tool, which has
been widely complained by many domain experts. In order
to improve the efficiency for supporting this tool, we develop
the first solution, called Distribution-aNd-Aggregation (DNA),
which successfully reduces the worst-case time complexity of
generating a spatiotemporal K -function plot with fixed thresh-
old intervals to O(Ln? + LSTn). Furthermore, by slightly
modifying DNA, we show that this method can generate this
plot with multiple threshold intervals in O(Ln?log ST +
LSTn) time. Hence, DNA is theoretically more scalable to
generate this plot with multiple spatial and temporal thresh-
olds. In addition, DNA also retains the same space complexity.
Experiment results on four large-scale datasets verify that
DNA can achieve speedups of 4.58x to 57.42x over the state-
of-the-art methods.

However, the time complexity of DNA (1) still depends
on n? in the first term and (2) is still theoretically far from
optimal.5 Based on these reasons, DNA can still take more
than 10° seconds for handling million-scale datasets (e.g.,
New York in Figure 9d). In the future, we will investigate
how to develop an approximate solution (e.g., sampling) to
further reduce the time complexity for supporting this tool with
a non-trivial accuracy guarantee. Moreover, we will exploit
parallel/distributed/modern-hardware-based approaches (e.g.,
GPU) to further improve the performance of our DNA solu-
tion. In addition, we will investigate whether we can progres-
sively and accurately output partial spatiotemporal K -function
plots to domain experts so that they can efficiently obtain
initial insights for those datasets.

5In order to generate a spatiotemporal K -function plot, we need to access
all data points in L + 1 datasets and compute (L + 1)ST spatiotemporal
K -functions (see Problem 1), which results in Q(Ln + LST) as the lower
bound time complexity for this tool. As such, there is still a substantial time
gap compared with DNA (with O(Ln? + LSTn) time).
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